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1.10.1 Systems of Linear Equations

Introduction to Systems of Linear Equations
What are systems of linear equations?

= Alinearequationis anequation of the first order (degree 1)
= This means that the maximum degree of eachtermis
= These are examples of linear equations:
= 2x+3y=5&5x-y=10+5z
= These are examples of non-linear equations:
B x2+5x+3=0&3x+2xy-5y=0
= Thetermsx2andxy have degree 2
= Asystem of linear equations is where two or more linear equations involve the same variables
= These are also called simultaneous equations
= |fthere are nvariables then you willneed atleast n equationsin order to solve it
= Foryourexamnwillbe2or3
= A2x2system of linear equations can be written as
axtby=c,

+ =
a,x+b,y=c,

= A3x3system of linearequations can be written as
ax+ b1y+ c,z= d1

. + +c z=
a,x b2 yte,z d2
+ +c z=
a,x b3 ytez d3
What do systems of linear equations represent?

= The most common application of systems of linear equationsis in geometry
= Fora2x2system
= Eachequation willrepresent a straight line in 2D

= The solution (if it exists and is unique) will correspond to the coordinates of the point where the

twolinesintersect
= Fora3dx3system
= Eachequationwillrepresent aplanein 3D

= The solution (if it exists and is unique) will correspond to the coordinates of the point where the

three planesintersect
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Systems of Linear Equations
How do | set up a system of linear equations?

= Not all questions will have the equations written out foryou
= There will be bits of information given about the variables
= Two bits of information fora 2x2 system
= Three bits of information fora 3x3 system
= Lookoutforcluessuchas ‘assuming alinear relationship’
= Choosetoassignx, y & zto the givenvariables
= Thiswill be helpfulif using a GDC to solve
= Oryou canchoose touse more meaningful variables if you prefer
= Suchasc forthe number of cats and d for the number of dogs

How do luse my GDC to solve a system of linear equations?

= You canuse your GDC to solve the system on the calculator papers (paper 2 & paper 3)
= Your GDC will have a function within the algebra menu to solve a system of linear equations
= Youwillneedto choose the number of equations
= Fortwo equations the variables willbe xand y
= Forthree equations the variables willbe x, yand z
If required, write the equations in the given form
= ax+by=c
= ax+by+cz=d
= Your GDC will display the values of xand y (orx, y, and z)

O Examiner Tip

= Make sure that you are familiar with how to use your GDC to solve a system of linear equations
because evenif you are asked to use an algebraic method and show your working, you can use
your GDC to check your final answer

= |fasystems of linearequations questionis asked on a non-calculator paper, make sure you check
your final answer by inputting the valuesinto all original equations to ensure that they satisfy the
equations
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@ Worked example

Onamobile phone game, a player can purchase one of three power-ups (fire, ice, electricity) using
theirpoints.

= Adambuys 5 fire, 3ice and 2 electricity power-ups costing a total of 1275 points.
= Alice buys 2 fire, Tice and 7 electricity power-ups costing a total of 1795 points.
= Alexbuys1fire andlice power-ups whichin total costs 5 pointsless than a single electricity power

up.
Find the cost of each power-up.

let x be the it of a fire power-up
Let ) be the ot of an ice power-up
let 2 be the (ost m( an e|€drili'hd power-up

Form 3 €qu ations

51 1'33 *22 |H5

2.113 1':,'2 ‘HqS
x*lj:l"S .)LHJ-?=-5

~_
Write in form ax rl)\tp(‘t =d

Tupe the 3 equations into the GDC and sohe
x:120 485 2-210

Fire costs 120 points

le costs 85 points

Electricity wsts 210 points
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1.10.2 Algebraic Solutions ,

Your notes
Row Reduction

How can | write a system of linear equations?

= Tosave space we canjust write the coefficients without the variables

ax+ b1y= ¢, 4 bl €
» For2variables: | can be written shorthand as b
— a C
+ =
a,x b2y c, 2 2| 2
axt b1y+ clz=d1 4 bl ‘ dl

= For3variables: a,x + b2y+ c,z= d2 canbe written shorthand as | @5 b2 ¢, d2

+h vte 7= a, b, c, | d
a,x b3y €,z d3 373 73] 73

What is arow reduced system of linear equations?

= Asystem of linearequationsisinrowreduced formifitis written as:

I-Al B, Cll Dl-l Ax+By+Cz=D,

. I 0 32 C2| D2 Iwhichcorrespondsto B2y+ C’zz=D2
lo o c| D | _

= |tisveryhelpfulif the values of A;, B, Czareequalto1
What are row operations?

= Row operations are used to make the linear equations simpler to solve
= Theydo not affect the solution
= You canswitch any two rows

a, b1 c d1 a, b3 c, d3

*» |a, b, c,| d,|canbewrittenas| a, b, ¢, | d, |usingrirs
ay by ¢y | d; a by c | d
= Thisisuseful for getting zeros to the bottom
= Orgettingaone tothe top
= You can multiply any row by a (non-zero) constant
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a by c | d a b ¢ | d /

= | a, b, ¢c,| d, |canbewrittenas| ka, kb, kc, | kd, |usingkxro—ro Your notes
ay by ¢y | d; a by ¢ | d;
= Thisisuseful forgettingalas the first non-zero value in arow
= You can add multiples of arow to another row
a, b, c | d, a b, c d,
u 32 b2 Cz d2 can be writtenas a2+5a3 b2+5b3 02+SC3 d2+5d3 usingr2+5r3—>r2
ay by ¢y | d; a3 by G dy

= Thisis useful forcreatingzerosunderal

How canlrow reduce a system of linear equations?

= STEP1: Getalinthe topleft corner
= Youcando this by dividing the row by the current value inits place
= |fthe currentvalueis O oran awkward number thenyou can swap rows first

1 B, C,| D,
L] * 3k * *
k3 * *

= STEP 2: Get O’sin the entries below the 1
= You can do this by adding/subtracting a multiple of the first row to eachrow

1 B, ¢,| D,
L] O * * *
0 * * *

= STEP 3:Ignore the first row and column as they are now complete
= Repeat STEPS1- 2 to theremaining section

1 B, C,| D,
= Getal:[|0 1 C2 D,
0 % * %
1 B, C,| D

= ThenOunderneath:[{ 0 1 02 D,

00 % k

= STEP 4: Getalinthe third row
= Usingthe sameideaas STEP1

18, ¢ |D
= |01 ¢| D,
00 1| D

How do I solve a system of linear equations once itis in row reduced form?
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= Onceyourow reduced the equations you can then convert back to the variables /
[ | D ]
| 1 B Cll 1 x+By+Cz=D, Your notes
. I 01 Cz I D2 Icorrespondsto y+ sz= D2
|0 0 1 | D | _
I | 73] z=D,

= Solve the equations starting at the bottom
= You have the value forzfrom the third equation
= Substitute zinto the second equation and solve fory
= Substitute zand yinto the first each and solve forx

O Examiner Tip

= Toreduce the number of operations you do whilst solving a system of operations, youcando a
couple of things:
= You cansetup youroriginal matrix with the equationsin any order, so if one of the equations
already has alin the top left corner, put that one first
= Youdo notneedto make every equation so thatit only has a single variable with a value of 1,
you just need to do that for1of the equations and use that result to work out the others
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@ Worked example
Solve the following system of linear equations using algebra.
2x—-3y+4z=14
xX+2y—2z=-2

3x—-y—2z=10
Wr';’ra without ﬂlt \'ariablts 2 3 4 |Iy
| 2 -2|-2
3 -1 -210
5wap rbms’rvad | in Top left corner _'| i = -2.-2‘ -
34 |1y
-l 2110
Add multgles of R 1o R od R [1 2 2|2
o ﬁd ze0s under the | 0 -t 3|18 |R-R—R,
0 ~F 4|16 |Rs-38 — R
Muttigle the second row 1o gt a | 1222
O ‘ '% ‘% Rlx-:—l} —»RI
0 % 4|tk

Repeat the steps

2 3
P3: 8 wa-4&.-19 , il
YW-32-3 V¥ 3773 " ¥y Tyt
112\3-:&:-2 D x~4-l=2 > x:3
x:&, 3:-2,2-“‘5
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Number of Solutions to a System
How many solutions can a system of linear equations have?

= There couldbe
= Tunique solution
= No solutions
= Aninfinite number of solutions
= You candetermine the case by looking at the row reduced form

How do I know if the system of linear equations has no solutions?

= Systems with no solutions are called inconsistent
= Whentrying to solve the system after using the row reduction method you willend up with a
mathematical statement whichis never true:
= Suchas:0=1
= Therow reduced system will contain:
= Atleast onerow where the entries to the left of the line are zero and the entry on the right of the
lineis non-zero
= Sucharow s calledinconsistent
= Forexample:
[ 1
I 1 B . |

C | D

" Row2isinconsistent| 00 O I D2 Iiszisnon—zero
loo 1]|D, |
L | 3]

How do I know if the system of linear equations has an infinite number of solutions?

1 1

= Systems with atleast one solution are called consistent
= The solution could be unique or there could be an infinite number of solutions
= Whentrying to solve the system after using the row reduction method you willend up with a
mathematical statement which is always true
= Suchas:0=0
= Therow reduced system will contain:
= Atleast one row where all the entries are zero
= Noinconsistentrows
= Forexample:

r119101|1)11I
.Io 1 02|D2|
100 0] 0]

How do | find the general solution of a dependent system?
= Adependent system of linear equationsis one where there are infinite number of solutions
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= The general solution willdepend on one or two parameters /
= |nthe case where tworows are zero
= Letthe variables corresponding to the zero rows be equal to the parametersA & i Your notes

= Forexample: If the first and second rows are zerorows thenletx=A&y =y

= Find the third variable in terms of the two parameters using the equation from the third row
= Forexample:z=4A-5uy+6

= |Inthe case where only one row is zero

= |etthe variable corresponding to the zero row be equal to the parameter A
= Forexample:If the firstrowis azerorow thenletx=A

= Find the remaining two variables in terms of the parameter using the equations formed by the

othertworows

= Forexample:y=3A-5&z=7-2A

O Examiner Tip

= Common questions that pop up inan IB examinclude questions with equations of lines
= Being able torecognise whetherthere are no solutions, 1solution orinfinite solutions is really
useful foridentifyingif lines are coincident, skew orintersect!
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@ Worked example

x+2y—z=3
3x+7y+z=4
x—9z=k
a) Given that the system of linear equations has aninfinite numberofequations,ﬁndthevalueofk
wr'lfe_ without the variables 2 -1 ]3
3 ||
I 0 9]k

Use the row redudion method
2 -1 |3] |
I Ll' "5 rl. '31’; - 0
-3 0

k-3] - r =ny

| £~ |3
0 I & |-5
D=1 0 0 k-I3 My 1‘2"1 =0

T}\Ere are an imf'mde aumber of solutions fa rowis zero

k-13 =0
k=13
b) Find a general solution to the system.
-n\e thid row is zero  so let the third yarigble (3) e;lua] a paramefef'
2= M

llse equations fo find expressions for the other variables
Lj+l+2= -8 P yikr:=S o %:—1\-)5'5
11)54:3 D x-gA10-23 > x =9 +13

x=Q)Hl3 . Lﬂ-‘-'ll')‘s N 2= M for AeR
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