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1.5.1Intro to Complex Numbers

Cartesian Form

What is animaginary number?

= Upuntilnow, when we have encountered an equation such as x2 = — 1 wewould have stated that
there are “noreal solutions”

= Thesolutionsare X = ./ — 1 which are not real numbers

= Tosolve thisissue, mathematicians have defined one of the square roots of negative one as 1;an
imaginary number

= The square roots of other negative numbers can be found by rewriting them as a multiple of 4/ — 1

= using/ ab =\/ZX\/3

What is a complex number?

= Complexnumbers have both areal part and animaginary part
= Forexample:3 + 41
= Thereal partis 3 and theimaginary partis 4
= Note that the imaginary part does notinclude the T
= Complexnumbers are often denoted by Z
= Werefertotherealandimaginary parts respectively using Re(Z)and Im(z)
= Two complexnumbers are equalif, and only if, both the real and imaginary parts are identical.
= Forexample, 3 + 21 and 3 + 31 are not equal

= Theset of allcomplex numbersis given the symbol C
What is Cartesian Form?

= There are anumber of different forms that complex numbers can be writtenin
= Theformz=a+biis known as Cartesian Form

= abelR
= Thisis the first form givenin the formula booklet
= |ngeneral,forz=a+bi
= Re(z)=a
= Im@2)=b
= Acomplexnumbercanbe easily represented geometrically whenitisin Cartesian Form
Your GDC may call this rectangular form
= Whenyour GDC is setinrectangular settings it will give answersin Cartesian Form
= |fyour GDCis notsetinacomplex mode it will not give any outputin complex number form
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inputting problems

= Cartesian formis the easiest form foradding and subtracting complex numbers

O Examiner Tip

Remember that complex numbers have both areal part and animaginary part
= Tispurelyreal(itsimaginary partis zero)
= jispurelyimaginary (itsreal partiszero)

= l+iisacomplexnumber(boththerealandimaginary parts are equalto)

@ Worked example

a) Solve the equation X2 = — 9

X m =9
x =*[9
USin%%=ﬁ*JTJ x =[]

x =13

b) Solve the equation (X + 7)2 = — 16, giving your answers in Cartesian form.

(c+3)" =-16

x + 7+ =i_m

x+7 i_Jl_é)JT

x+7? = T4 '\Usincd@=ﬁ*ﬁ)

Re arrange. onswes ko Covtegian
form:

Il

X =-FtT4
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Complex Addition, Subtraction & Multiplication /
How do | add and subtract complex numbers in Cartesian Form? Your notes

= Adding and subtracting complex numbers should be done when they are in Cartesian form
= When adding and subtracting complex numbers, simplify the real and imaginary parts separately
= Justlike youwould when collecting like terms in algebra and surds, or dealing with different
componentsinvectors

« (a+bi)+(c+di)=(a+c)+(b+d)i
« (a+bi)=(c+di)=(a—c)+(b-d)i

How do I multiply complex numbers in Cartesian Form?

= Complexnumbers can be multiplied by a constantin the same way as algebraic expressions:
- k(a+ bi) = ka+ kbi
= Multiplying two complex numbers in Cartesian formis done in the same way as multiplying two linear
expressions:
« (a+bi)(c+di)=ac+ (ad+ be)i+ bdi2= ac+ (ad+ bc)i — bd
= Thisisacomplexnumberwithreal part ac — bd and imaginary part ad+ bc
= The mostimportant thing when multiplying complex numbers is that
- i2=-1
= Your GDC will be able to multiply complex numbersin Cartesian form
= Practise doing this and use it to check your answers
= |tiseasytosee that multiplying more than two complex numbers togetherin Cartesian form becomes
alengthy process prone to errors

= |tiseasier to multiply complex numbers when they are in different forms and usually it makes sense
to convert them from Cartesian form to either Polar form or Euler’s form first

= Sometimeswhen a question describes multiple complex numbers, the notation Zl’ ZZ’ ... isusedto

represent each complex number

How do | deal with higher powers of i?

» Becausei?= — | thiscanleadto some interesting results forhigher powers of i
» P=i2xi= —i
C#=(P)2=(-1)2=1
- 5=(i2)2 xi=i
C=(@P=(-1p= -1
= We canuse this same approach of using i2 to deal with much higher powers
C B =) xi=(-D1 xi= —i
= Justrememberthat -1raised to aneven poweris1andraised toanodd poweris -1
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O Examiner Tip ,

Your notes
= Whenrevising for your exams, practice using your GDC to check any calculations you do with

complexnumbers by hand
= Thiswill speed up using your GDC inrectangular form whilst also giving you lots of practice of
carrying out calculations by hand

0 Worked example

a)  Simplify the expression 2(8 — 61) — 5(3 + 41i).
Expand the  brockeks
ffe-2)-5s+40) - 16 124 ~15-20%
Collect the .rech and imaginary ports
I6=15 ~ 2L — 20x
Simpity

| -3

b) Given two complex numbers z = 3+41and z,= 6+ 71, find Z, X z,

Expand the brockets
/‘,—\\- . . .
(2+4i)(b+F1) = 18 +210 + 241 + 281
L

= |8 +21i + 241 +(28)(-")
e Lksins t=-)

Colleck the real and imaﬁ{Ma':j par‘re

I8 +21L +2461 -28 = 18-2% + (21 + 24\
dimpiy

-lo+45¢
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Complex Conjugation & Division /
When dividing complex numbers, the complex conjugate is used to change the denominator to areal Your notes
number.

What is a complex conjugate?

= ForagivencomplexnumberZz=a+ bi, the complex conjugate of Z is denoted as Z*,where
z*=a-bi
« fz=a—bithenz"=a+ bi
= You will find that:
» z+7%0s always real because (3 + bi) + (a - bi) =2a
« Forexample: (6 +5i) + (6—=5i) = 6+6+5i—5i = 12
» 72— Z"0s always imaginary because (a + bi) - (a - bi) =2bi
« Forexample: (6 +5i) — (6—=5i) = 6—-6+5i—(—5i) = 10i
» zX z" isalwaysreal because (3 + bi)(a - bi) = a2+ abi— abi — b%12= a2 + b2 (s
i2=-1)
= Forexample: (6 +5i)(6 —5i) = 36 +30i — 30i —25i2 = 36 — 25(—1) = 61

How do I divide complex numbers?

= Todivide two complex numbers:
= STEPT: Express the calculation in the form of a fraction
= STEP 2: Multiply the top and bottom by the conjugate of the denominator:
at+bi a+bi c—di
c+di  c+di | c-di
= This ensures we are multiplying by 1; so not affecting the overall value
= STEP 3: Multiply out and simplify your answer
= This should have areal number as the denominator
= STEP 4: Write your answerin Cartesian form as two terms, simplifying each termif needed
= ORconvertinto therequired formif needed
= Your GDC will be able to divide two complex numbers in Cartesian form
= Practise doing thisand use it to check your answersif you can
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O Examiner Tip

= We canspeedup the process for finding zz* by using the basic pattern of
(x+a)(x—a)=x2-a2

= We can apply this to complex numbers: (3 + bi)(a - bi) = a2 = b?%i2= g% + b?
(using the fact that i2 ==-1 )

» So3+4i multiplied by its conjugate would be 324+42=25

@ Worked example

Find the value of (1 + 7i) - (3 - i).

Rewri&e as o 'C\“O\C.&'\on: ﬂ .
3 -1 complex Conjugele
R_of 3-L 18 D+
MuLl:i?l5 top ond bottom of the fraction b
the complex conjugoke of the denominator.

- s B = (1+7)(3+1)
3-1 3+1 (3-L)(3+1)

g =l
3+ 1+2010 +F

q +3(-3L-L"

the imo.sinarb ports
eliminake eoch other

_ 3+22; +(-3)
q ~L-1)
Simplity = -4 +22¢
10
Write in Cortesian = -4 + 220
{"orm ‘e 12

_% + lSLL SimpRth finol onswer.
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1.5.2 Modulus & Argument

Modulus & Argument
How do | find the modulus of a complex number?

= The modulus of acomplex numberisits distance from the origin when plotted on an Argand diagram
= The modulus of Ziswritten |Z|
w fz=x+ iy, then we can use Pythagoras to show...

2l =x2t 2

= Amodulusis never negative
What features should | know about the modulus of a complex number?

= the modulusisrelatedto the complex conjugate by...
- 22" =7"2=|z|?
= Thisisbecause zz" = (X + iy)(X - iy) =x2+ y2
. + b= +
Ingeneral, |Z1 Zz| |Z1 | |ZZ|

= e.g.both z, = 3 +4iand z,= = 3 + 41 have amodulus of 5, but Z, + z, simplifies to 8i

which has a modulus of 8

How do | find the argument of a complex number?

= The argument of a complex numberis the angle that it makes on an Argand diagram
= The angle must be taken from the positive real axis
= The angle must be in a counter-clockwise direction
= Arguments are measured inradians
= Theycanbe givenexactinterms of Tt
= Theargumentof Ziswrittenarg z
= Arguments can be calculated using right-angled trigonometry
= Thisinvolves using the tanratio plus a sketch to decide whetheritis positive/negative and
acute/obtuse
What features should | know about the argument of a complex number?

= Argumentsareusually givenintherange =TT < arg z < T
= Negative arguments are for complex numbersin the third and fourth quadrants
= Occasionally you could be asked to give argumentsin the rangeO <arg z < 27
= The question will make it clear which range to use

= Theargument of zero, arg 0 isundefined (no angle canbe drawn)
What are the rules for moduli and arguments under multiplication and division?

= Whentwo complexnumbers, Z. and Z_, are multiplied to give Z_ Z_, theirmodauli are also multiplied

1 2 172
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*|2a|= |4l 2

VA
1
= Whentwo complex numbers, Z1 and Z2 ,are divided to give —, theirmoduli are also divided
2
). L
14| |7

= Whentwo complexnumbers, Z. and Z_, are multiplied to give Z

1 2 1
- arg (z,z,)=arg z +arg z,

22 , theirarguments are added

zZ
1
= Whentwo complex numbers, Z1 and Zz, are divided to give —, theirarguments are subtracted
VA
2

O Examiner Tip

= Always draw a quick sketch to help you see what quadrant the complex numberliesin when
working out an argument
= Lookfortherange of values within which you should give your argument

= [fitis = < arg z < T thenyoumay needto measureitinthe negative direction
= Ifitis 0 < arg z < 271 thenyou willalways measure in the positive direction (counter -
clockwise)
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@ Worked example ,

) Your notes
a) Find the modulus and argument of Z = 2+ 31

lz] =J2*+3* = i3
me o. sketeh to help £find the O\rSumenlc.f

Im
A=
3 A x 2 +3i
The o.rsumeyct is T 2] =+om_‘(%)
the oounbee- | | ki = 0.932%...
dockwite cxv@’le N : 1
e i "
tokeun from the = > Re
positive -
z
Modz = |2l = JI13
ara-z = 6 = 0933 (3sf)
b) Find the modulus and argumentof W= — 1- ﬁi
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lwl = JEN +@B) =J& /
Im

Your notes
I twe maument IS
>R \
=5/ e  Mmeosured doci'r.ut.nse
arg w from the positive

/-B x-oxg then b will
'['—l'nd s ; b?. okive.
angle first neQATIve.
ond Subtrock 3
Crom TC.

ol =+N\"($) =‘\‘om"'(ﬁ) = IC:;

Maod = = |zl

]
N

argz = -6
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1.5.3 Introduction to Argand Diagrams 4

Your notes

Argand Diagrams

What is the complex plane?

= The complexplane, sometimes also known as the Argand plane, is a two-dimensional plane on which
complex numbers can be represented geometrically

Itis similar to a two-dimensional Cartesian coordinate grid

= The x-axisis known as the real axis (Re)

The y-axis is known as the imaginary axis (Im)

= The complex plane emphasises the fact that a complexnumberis two dimensional
= j.eithastwo parts, arealandimaginary part

= Whereas areal number only has one dimensionrepresented on a numberline (the x-axis only)

What is an Argand diagram?

= AnArgand diagramis a geometrical representation of complex numbers on a complex plane
= Acomplexnumbercanberepresented as eithera point oravector
= The complexnumberx + yiis represented by the point with cartesian coordinate (x, y)
= Thereal partisrepresented by the point on the real (x-) axis
= Theimaginary partisrepresented by the point on the imaginary (y-) axis
Complexnumbers are oftenrepresented as vectors
= Aline segmentis drawn from the origin to the cartesian coordinate point
= Anarrowis addedinthe direction away from the origin
= This allows for geometrical representations of complex numbers
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Im /N

THE IMAGINARY PART OF
10 THE COMPLEX NUMBER IS
REPRESENTED ON THE
IMAGINARY AXIS

z=2+6j

THE REAL PART OF
THE COMPLEX NUMBER
IS REPRESENTED ON
w=5+]i THE REAL AXIS

e 0%
—
0 5 10 5 e

O Examiner Tip

= When settingup an Argand diagram you do not need to draw a fully scaled axes, you only need the
essential information for the points you want to show, this will save a lot of time
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@ Worked example ,

Your notes
a) Plot the complexnumbers z; =2 + 2i and z, = 3 - 4ias points on an Argand diagram.

Lokel ‘the Ilmo&ina\r:s oxis |m

2 2+2i
Lobel the veal

{_/Qxis Re
>Re

You Q“I‘t’) reed to |lokel Ene {mportmb poinks on the owxes,

b) Write down the complex numbers represented by the points Aand B on the Argand diagram
below.

A 1+3i
B: =2 -
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Complex Roots of Quadratics

What are complex roots?

= A quadratic equation can either have two real roots (zeros), arepeatedreal root ornoreal roots
= Thisdepends onthelocation of the graph of the quadratic with respect to the x-axis

= |f aquadratic equation has noreal roots we would previously have stated that it has no real solutions
= The quadratic equation will have a negative discriminant
= This means taking the square root of a negative number

= Complexnumbers provide solutions for quadratic equations that have no real roots

How do we solve a quadratic equation when it has complex roots?

» |f aquadratic equation takes the form ax? + bx + ¢ = O it can be solved by either using the quadratic
formula or completing the square
= If aquadratic equation takes the formax? + b = O it can be solved by rearranging
= Thepropertyi=v-lisused
- J-a=ax-1=Jax /-1
= |f the coefficients of the quadratic are real then the complexroots will occurin complex conjugate
pairs
s |fz=p+qi(g#0)isarootofaquadratic withreal coefficients thenz* = p - giisalso aroot
= Thereal part of the solutions will have the same value as the x coordinate of the turning point on the
graph of the quadratic
= Whenthe coefficients of the quadratic equation are non-real, the solutions will not be complex
conjugates
= Tosolve these you can use the quadratic formula

How do we factorise a quadratic equationif it has complex roots?

= |f we are given a quadratic equationinthe formaz? +bz+c =0, wherea, b, andc e R, a# O we canuseits
complexroots towrite it in factorised form
= Use the quadratic formula to find the tworoots,z=p+qgiandz*=p - qi
= Thismeansthatz-(p +gi)andz - (p - gi) must both be factors of the quadratic equation
= Therefore we canwrite azZ+bz+c=a(z- (p+qgi))z-(p-qi)
= Thiscanberearrangedinto the forma(z-p - qi)(z- p + gi)

O Examiner Tip

= Onceyouhave yourfinal answers you can check yourroots are correct by substituting your
solutions backinto the original equation

= Youshould get Oif correct! [Note: O is equivalent to 0+ Oi]
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@ Worked example

Solve the quadratic equation z2 - 2z+ 5 = 0 and hence, factorise 72 - 2z + 5.

Use the qua&m\jc focrmulan or ComPie_kiv'\tj the
Sq{uo».re. to find the solukions.

= |

-2

)

Solutions of a quadratic 2 b+ b - dac
ax’ +hx+e=0 = x=—————, a

eguation 2 =0

?.'-‘f.i"\(:
2
AR

7

_ 2tk
7

no o
n

z = () £ )(-2)*-4()(s)
2(1)

2‘= "‘l’Zl 22 I-Z;

lf the solutions ore Z2,=1+421 oand 2, =1-%

thea the foctors mustk be Z-(1+2i) ond z2-(1-2)

2t-2z +5 = (2-(0+2))z-(1-21)

(z-1-2)(2-1+2i)
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