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4.3.1Non-linear Regression

Non-linear Regression
What is non-linearregression?

= You have already seen that linear regression is when you can use a straight line to fit bivariate data
= Non-linearregressionis whenyou can use a curve (rather than a straight line) to fit bivariate data
= |nyourexam the regression could be:

» Linear y=ax+b

» Quadratic: y=ax%+bx+c

= Cubic: y=ax3+bx2+cx+d
= Exponential: y = abX or y = aebx
= Power. Y= ax?

= Sine: y=asin(bx+ c)+d

How do I find the equation of the non-linear regression model?

= Usingyour GDC:
= Type the two sets of the datainto your GDC
= Selecttherelevant model
= The exam question will tell you which model to use
= Your GDC will calculate the constants
= You canuse logarithms to linearise exponential and power relationships

= Power: y= ax?thenlny=Ina+ blnx
= Iny and Inx will have alinear relationship
= Exponential: ¥ = abX then Iny =Ina+ xInb

" 1l’ly and X willhave alinear relationship

O Examiner Tip

= Youcanuseyour GDC to plot the scatter diagram and include the graph of aregression model
= Thiswill allow you to get a sense of how well the model fits the data
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@ Worked example

Scarlett and Violet collect data on the length of a film (X minutes) and the audience rating (Y %).

X 75 93 101 107 115 124 132 140 171
y 83 75 51 38 47 56 76 91 70
a) Scarlett claims that there is a cubic relationship. Find the equation of a cubic regression model

oftheform y = ax3+ bx2+cx+d.

Tkﬁpe the data into GDC and chase the cubic regression model
a--00005291. b- 02030. ¢:-2&8%. 410311

y: - 00005295 + 0.203¢ -2k 9x + 1040

b) Violet claims that there is a sine relationship. Find the equation of a sine regression model of the
form y = asin(bx + ¢) + d.

Ttﬁpe the data into GDC and chome the sine regression model
a:26H.  L-008030. (=2086. d :bIL9.

y: 263 <in(0.0803x +2.09) +64.5

c) Whose model predicts a higher audience rating for a film whichis 100 minutes long?
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yza SN (b:.uc) +d

\faia tba*rex +d

100

Us'\nﬁ the Lubic mode| Y= 41.(;’1-0.‘.
Us‘ma the sine model Y- 53.690..

Violet: model predicts a hi%her rating.
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Least Squares Regression Curves
What is aresidual?

= Givenasetof npairs of data and aregression model y = f(x)

= Aresidualis the actual y-value (from the data) minus the predicted y-value (using the regression
model)

-y, %)
= The sum of the square residuals is denoted by SSmS
n
: SSres = 1.§1 (y i f(xi))z
= |fyouhave two regression models using the same data then the one with the smaller SSres fits the

databetter
What is aleast squares regression curve?

= Theleast squaresregression curve can be thought of as a “curve of best fit” y = f(x)

= Foragiventype of model the least squares regression curve minimises the sum of the square
residuals

= Your GDC calculates the constants for the least squares regression curves
Why is the sum of the square residuals not always a good measure of fit?

= |f two models are formed using the same number of pairs of data then the sum of the square residuals
is agood measure of fit

= |f two models use different number of pairs of data then SSreS is not always a good measure of fit

= The sumwillincrease with more pairs of data and so canno longer be compared against a data set
with a different number of pairs
= Compare the two scenarios

= 10 pairs of data and the absolute value of eachresidual is 15 then

SS =10x152=2250
res

= 2250 pairs of data and the absolute value of eachresidual is 1then

SS =2250x12=2250
res

= Theyhave the same value of SSres but the residuals in the second scenario are much smaller

= Your GDC may give you the mean squared error

1 1 &
= MSe= ; SSreS = ; 1.§1 (yi - f(xi))z

= Thisis a better measure of fit
= Youdo not need to know this for your exam but it might help with your understanding
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@ Worked example

Jetis the owner of agym and heis testing different prices options. The table below shows the number
of new members per month (M) and the price of a monthly membership ( £p).

10 20 30
p
97 68 55
2700
Jet believes that he can fit the data with either the modeIMl(p) = m orthe model
( )= 2100
M,\p)= p+10°

Jet wants to choose the model with the smallest value for the sum of square residuals.

Determine which model Jet should choose.

(alculate the predicted values

P MMM
10 4% 90 105
20 b3 615 30
30 | 55 | Sk | 525

M, : 8 = (4F-90) + (68-63.5)" + (55-54)" = 50.15
For M, & S = (9% -105) + (63-70)" + (55 -52.5)" = 34.25

Jet  should choose model M,
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The Coefficient of Determination
What is the coefficient of determination?

= The coefficient of determinationis a measure of fit foramodel
= |f the coefficient of determinationis 0.57 this means 57% of the variation of the y-variable can be
explained by the variationin the x-variable
= The other43% can be explained by other factors
= The higher this proportion the more the model fits the data
= The coefficient of determinationis denoted by R?
s R2<]
= R2=1meansthe modelis a perfect fit for the data
= Thecloserto1the betterthe fit
= R2jsusually greaterthan orequal tozero
= R2canbenegative but thisis outside the scope of this course
= |ftheregressionmodelislinear then the coefficient of determinationis equal to square of the PMCC

» R2=r2forlinear models
= Some GDCs will simply denote R2 as r2 due to its connection to the PMCC for linear models

How do| calculate the coefficient of determination?

= When finding the constants for regression models your GDC might give you the value of R2
= Youwillonly be asked to calculate the coefficient of determination for models for which GDCs give
the value of R?
= The coefficient of determination can be calculated by

R2=1- SSres
SStot
n
= —9)2
= Where SStot_jé(yi y)

= Youdo not need to know this formula but it might help with yourunderstanding

Does the coefficient of determination determine the validity of a model?

= |f R2jsclose to1thenthe modelfits the data well
= However this alone does not guarantee thatitis a good model for the relationship between the
two variables
= Considerthe scenario where there are big gaps between data points and a model which fits the data
well
= The model only fits the data at the data points
= Asthere are gaps between the data points the model might not be a good fit for these areas
= Different types of models have different number of parameters
= Therefore using different types of models to fit the same data will have different levels of
accuracy
= Linearmodels need atleast two pairs of data
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= Quadratic models need at least three pairs of data /
= Cubic models need at least four pairs of data

Using four pairs of data will mean the cubic model willhave R2 =1 Your notes
Thisis because the cubic graph will go through all four pieces of data - the valueis likely to

decrease as extra pairs of data are included

However this does not meanitis a better fit than the quadratic model

The quadratic model could be more accurate as it has one more pair of data thanis needed
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@ Worked example

Datais collected on the lengths of cheetahs (X metres) and their average running speeds (¥ ms™).

X 1.21 1.33 1.12 1.45 1.42 1.39 1.24 1.19 1.32
y 24.3 251 22.2 35.1 35.1 33.4 27.1 231 24.8
a) Find the equation of the least squares regression curve using:
U aquadratic model y = ax?+ bx+c.
(i anexponentialmodel y = abX.
Tupe the data il GDC and chouse he :
%uadmhc reqression model exponerﬁ"lal regression model
a:140.9.. a: 4193,
b--3226. b = 4.250..
= 20%.5..
bl - 323 4+ 208 = b.1q 426"
P Y
b)

Based solely on the coefficients of determination, suggest which modelis better fit for the
data.

Fid the coefficients of determination using GDC
Quadratic R = 086429,
Expon&n’fiul R* = 0.5015%.

Based on the cefficients of de’rermino‘rion, the quadfaﬁc
reqression model as its R! Ualue is biaael‘,
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4.3.2 Logarithmic Scales

Logarithmic Scales
What are logarithmic scales?

= Logarithmic scales are scales where intervals increase exponentially
= Anormalscale mightgol,2,3,4,...
= Alogarithmic scale mightgo1,10,100,1000, ...
= Sometimes we cankeep the scales with constant intervals by changing the variables
= [fthe values of xincrease exponentially: 1,10,100, 1000, ...
= Thenyoucanuse the variable log xinstead which willhave the scale: 1,2, 3, 4, ...
= Thiswillchange the shape of the graph
= |fthe graph transforms to a straight line thenitis easier to analyse
=  Anybase canbe usedforlogarithmic scales
= ThemostcommonbasesarelOande

Why do we use logarithmic scales?

= Forvariables that have alarge range it can be difficult to plot on one graph
= Especially when alot of the values are clustered in one region
= Forexample: populations of countries
= Thiscanrange from800to 1450 000 000

= |f we areinterested in the rate of growth of a variable rather than the actual values then alogarithmic

scaleis useful
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log-log & semi-log Graphs /
Whatis alog-log graph? Your notes

= Alog-loggraphisusedwhenboth scales of the original graph are logarithmic
= Youtransformbothvariables by taking logarithms of the values
= logy&logxwillbeusedinstead of y & x

= Powergraphs(y = aXb) look like straight lines onlog-log graphs

What is a semi-log graph?

= Asemi-loggraphisusedwhen only one scale (the y-axis) of the original graphis logarithmic
= Youtransform only the y-variable by taking logarithms of those values
= |ogy willbeusedinstead of y

= Exponential graphs( Yy = abX)look like straight lines on semi-log graphs

How can | estimate values using log-log and semi-log graphs?

= |dentify whether one or both of the scales are logarithmic
= |dentify the variable so that the scales have equal intervals

= x:1,10,100,1000,...uselogx

= Forx:l,e e2e3 .. uselnx
= |fyouare askedto estimate avalue:

= First find the value of any logarithms

= Forexample:logy,Inx,etc
= Usethe graphtoread off the value
= |fitisavalue foralogarithm find the actual value using:

- logx=k=x=10k
- Inx=k=>x=¢k

O Examiner Tip

= Pay close attention to which base is being used (log orn)
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@ Worked example ,
Your notes
The function Yy = f(X) is drawn below using alog-log graph.
logy,

2

1

0 N

0 1 2 3 log x

Show that when X = 56 the value of Yisapproximately 24.

Find loga

x+ 56 2 log5b< | H43.. 2 —
Use groph o find log 4 ‘

log y = I.3%5 o A,

Exponents & logarithms

a'=h < x=log b

Find Y

y: 107 :23.3.. = 24

Page120f18

© 2015-2024 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

1, SaveMyExams

Head to www.savemyexams.com for more awesome resources

4.3.3 Linearising using Logarithms /

Your notes
Exponential Relationships
How do l use logarithms to linearise exponential relationships?

= Graphs of exponential functions appear as straight lines on semi-log graphs
= Suppose y = abX
= You cantake logarithms of both sides
« Iny= In(abx)
= You cansplit the right hand side into the sum of two logarithms
- Iny=Ina+ In(b¥)
= You canbring down the powerin the finalterm
» Iny=Ina+ xlnb
= Iny=Ina+ xInbisinlinearform Y=mX+ ¢

«» Y=Iny
» X=X
« m=Inb
= c=Ina

How canluse linearised data to find the values of the parameters in an exponential model y
= ab*?

STEP 1: Linearise the datausing Y = Iny and X = x

STEP 2: Find the equation of the regressionlineof YonX: Y=mX + ¢

STEP 3: Equate coefficients between Y= mX + candIny = Ina + xInb
= m=Inb
« c=lna

= STEP4:Solvetofindaandb

= a=e¢€

= b=e™m
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@ Worked example /

Your notes
Hatter has noticed that over the past 50 years there seems to be fewer hatmakersin London. He also

knows that global temperatures have beenrising over the same time period. He decides to see if there
could be any correlation, so he collects data on the number of hatmakers and the global mean
temperatures from the past 50 years and records the information in the graph below.
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Hatter suggests that the equation for hinterms of t canbe writtenin the form h = ab?
.Helinearises the datausingX = f and y = Inh and calculates the regressionline of Y on X tobe

y=4.382-1.005x.

Find the values of & and b.
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Ur#e, h=abt in Iineal'iSQ(J \cbrm Your notes

(ompare  oefficients
g b8 -L005x > loh-h352 [0St

i =h38. = g™ = AR a:800 (3sF)

b =-L005 = b:e'=0.3660k. [b: 0.36b (3sf)
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Power Relationships /

How do luse logarithms to linearise power relationships? Your notes

= Graphs of power functions appear as straight lines onlog-log graphs

= Supposey = axb
= Youcantake logarithms of both sides

- Iny=In(ax?)
= You can split theright hand side into the sum of two logarithms
- Iny=Ina+ In(x?)
= Youcanbring down the powerin the final term
= Iny=Ina+ blnx
» Iny=Ina+ blnxisinlinearform Y=mX+ ¢

» Y=Iny
» X=Inx
= m=>b
= c=Ina

How canluse linearised data to find the values of the parameters in an power model y =
axP?
STEP 1: Linearise the datausing Y = lny and X = Inx
STEP 2: Find the equation of the regressionlineof YonX: Y=mX + ¢
STEP 3: Equate coefficients between Y= mX + candIny =Ina+ blnx
= m=b
= ¢c=Ina
= STEP4:Solvetofindaandb
= a=¢¢
= b=m
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@ Worked example /

Your notes
The graph below shows the heights, h metres, and the amount of time spent sleeping, t hours, of a

group of young giraffes. It is believed the data can be modelled using = ah®

Ly

The data are coded using the changes of variables X = Inh and y= Int. The regressionline of Y on
Xisfoundtobe y=0.3 — 1.2x.

Find the values of 4 and b.
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Write t;ﬂhb in linearised form ,

Your notes

(ompare  coefficients

y: 03 <L2x 2 ot {03/~12Inh
lna =03 » q=¢" 13443, |q:1.35 (3sF)

b:-1.2
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