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5.7.1Basic Limits & Continuity 4

Your notes
Limits
What are limits in mathematics?

= Whenwe consider alimitin mathematics we look at the tendency of a mathematical process as it
approaches, but never quite reaches, an ‘end point’ of some sort
= \We use a special limit notation to indicate this
= Forexample lim f(X) denotes ‘the limit of the function f(x) as x goes to (or approaches) 3’
x—3
= |.e., whatvalue (if any) f(x) gets closer and closer to as x takes on values closerand closerto 3
= We are not concerned here with what value (if any) f(x) takes when xis equal to 3 - only with the
behaviour of f(x) as x gets close to 3
= The sum of aninfinite geometric sequenceis a type of limit
= Whenyou calculate SOO foraninfinite geometric sequence, what you are actually finding is
lim S
n
n— oo
= |.e., whatvalue (if any) the sum of the first n terms of the sequence gets closerand closerto as
the number of terms (n) goes to infinity
= The sumneveractuallyreaches SOO, butas more and more terms are included in the sumiit
getscloserand closer to that value

= |nthis section of the IB course we will be considering the limits of functions
= This may include finding the limit at a point where the functionis undefined

sinx

= Forexample, ﬂx) = isundefined when x = 0, but we might want to know how the

function behaves as x gets closer and closer to zero
= Oritmay include finding the limit of a function f(x) as x gets infinitely big in the positive or negative
direction
= Forthis type of limit we write lim f(X) or lim f(X) (the first one can also be written as
X > 00 X —> —00
lim f(X) to distinguish it from the second one)
x> +oo
= These sorts of limits are often used to find the asymptotes of the graph of a function

How do | find a simple limit?

« STEP1:Tofind lim £{x) begin by substituting a into the function f(x)
X—>a
= |f f(a) exists with a well-defined value, then that is also the value of the limit

x—1

= Forexample, for f(X) = we may find the limit as x approaches 3 like this:
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x-1 3-1 2
lim A(x) = lim — = =3 /

x-3 x—-3 3 Your notes

= Inthiscase, lim l‘(X) is simply equal to f(3)
x—3
= STEP 2:If f(a) does not exist, it may be possible to use algebra to simplify f(x) so that substituting ainto
the simplified function gives a well-defined value
= |nthat case, the well-defined value at x = a of the simplified version of the functionis also the value
of the limit of the functionas xgoestoa
x2
= Forexample, f(X) = 7 isnotdefined atx =0, but we may use algebra to find the limit as x

approaches zero:
x2 X
lim f(x) = lim — = lim — (cancelling the x's)=—=0
x>0 x>0 x>0 1 1

X2
= Note that f(X) = 7 and g(X) = X are not the same function!

= They are equal forall values of x except zero
= Butforx=0,g(0)=0while f(O)is undefined
= However f(x) gets closer and closerto zero as x gets closer and closer to zero
= |f neither of these steps gives a well-defined value for the limit you may need to consider more
advanced techniques to evaluate the limit
= Forexample I’Hopital’s Rule or using Maclaurin series

How do | find a limit to infinity?

= Asxgoesto T OO or — 00 atypical function f(x) may converge to a well-defined value, or it may
diverge to + 00 or —O©
= Otherbehaviours are possible - forexample 1im Sinx is simply undefined, because sinx
X =00
continues to oscillate betweenTand -1as x getslargerand larger
= There are two key results to be used here:

k

= lim _11 convergestoOforaIIn>Oanda|IkE R
X

X = *oo
= lim X" divergesto+ o0 foralin> 0
X~ +oo
= lim X®forn>Owillneedtobe consideredona case-by-case basis, because of the
X —=> -0
differing behaviour of x" for different values of nwhen xis negative
= STEPT:If necessary, use algebra torearrange the functioninto a formwhere one or the other of the key
results above may be applied
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= STEP 2: Use the key results above to evaluate your limit /
= Forexample:
2 1 Your notes
2 3-1t+t3
’ 3x-—2x+1 ’ x  x2 3-0+0 3
m-——————= lim = =—
xooo AX2—x+2 L. 1,2 4-0+0 4
X x2
= Or
2
y x2+5x-2 ; X+5=7  (+09+5-0
m ——~ 5 = lim = =+ o0
32x+3 3 32+0

x> +oo

x> +oo 324 —
X

2
x“+5x-2
= |.e., thelimit divergesto + 00 (because T 30x+3 it gets biggerand biggerwithout limit as x
gets biggerand bigger)
0 + 00
= Rememberthat neither —— nor has awell-defined value!
0 oo
= |f you attempt to evaluate alimit and get one of these two forms, you will need to try another
strategy

= This may just mean different or additional algebraic rearrangement
= Butit may also mean that you need to consider using I’Hopital’s Rule or Maclaurin series to
evaluate the limit

= [|tisalsoworthremembering that if lim f(X) = 00, then lim m =0 for any non-zero kK € R
X

X > 00 X > 00

= This can be useful forexample when evaluating the limits of functions containing exponentials

= lim ePX = coforanyp> 0, soweimmediatelyhave lim e PX = lim PP 0 forp>

X =00 X > 00 X >0
0
= See the worked example below fora more involved version of this

Do limits ever have ‘directions’?

= Yestheydo!
« Thenotation lim f{x) means ‘the limit of f(x) as x approaches a from above'
x—>at
= |.e, thisisthelimitasxcomes ‘down’ towards a, only considering the function’s behaviour for
values of x that are greaterthana
= Thenotation lim f(X) means ‘the limit of f(x) as x approaches a from below’
X—>a~
= |.e, thisisthelimitasxcomes ‘up’ towards a, only considering the function’s behaviour for values
of xthatarelessthana
= Oneplace these sorts of limits appearis for functions defined piecewise
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= |nthis case thelimits ‘from above’ and ‘from below’ may well be different for values of x at which /
the different ‘pieces’ of the function are joined
= Butalso be aware of a situation like the following, where the limits from above and below may also be Your notes
different:

1 1 1

» lim — = + 00 pecause — >0 forx> 0, with — becoming bigger and bigger in the positive
+ X X X
x—0
direction as x gets closerand closer to zero ‘from above’)

1 1 1
» lim — = + 00 (pecause ; <0 forx <0, with ; becoming bigger and biggerin the negative

x—>0"
direction as x gets closerand closer to zero ‘from below’)

1

= Thegraphof ¥ = — shows thislimiting behaviour as x approaches zero from the two different
X

directions
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@ Worked example A/

a) Consider the function Yournotes
3—4x—5x4
=T ar7
2x4+ x> +7
find lim f(x).
X >0
\ 1 “
% —_— - — -
3-Y5-5Sx* /7( . R 5
n 3 Y . \ 3
T v kT U Lt ¥ 58
3 e
= v — = —
|1 3= %= b e x¥ *x3 B
= Y 3 = X2 \ o
I I Gl g R 72 + =% =
0-0-5 S
2+ O+0 . i T
b) Consider the function
1-5x 5
, X
glx)=y x
x2—4x-6, x>5
find() lim g(x).and (i) lim g(x).
x—=5" x5t
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b -
,:_4,5 9(x) = L ¢ (x*- 4y - (a)

+

Consider the function

2e3x =3
)= 5o
faind lim h(x).
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Continuity & Differentiability
What does it mean for a function to be continuous at a point?

= |f afunctionis continuous at a point then the graph of the function does not have any ‘holes’ or any
sudden ‘leaps’ or jumps’ at that point
= One way to think about this is to imagine sketching the graph

= Solongasyou can sketch the graph without lifting your pencil from the paper, then the
functionis continuous at all the points that your sketch goes through

= Butif youwould have to lift your pencil off the paper at some point and continue drawing the
graph from another point, then the functionis not continuous at any such points where the
function ‘jumps’
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CONTINUOUS AT ALL POINTS

Your notes
[\ A
0 x -
0 / “x
_'___________,./
NOT CONTINUOUS AT x=0 NOT CONTINUQUS AT x=a
YA YN\
et
- yd -
0] “% 0] a “x

= There are two main ways a function can fail to be continuous at a point:
= [fthe functionis not defined for a particular value of x thenitis not continuous at that value of x

1

= Forexample, f(X) = — isnotcontinuousatx=0
X

= |fthe functionis defined for a particular value of x, but then the value of the function jumps’ as x
moves away from that x value in the positive or negative direction, then the functionis not
continuous at that value of x
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= Thistype of discontinuity can occurin a piecewise function, forexample, where the different
pieces of the function’s graph don’t fjoinup’
= Youcanuse limits to show that a functionis continuous at a point
= et f(x)beafunctiondefinedatx=a, suchthatf(a)=b
= If lim f(X) =band lim f(X) = b, thenf(x)is continuous atx=a
x—>a- x—>at
= |f either of those limitsis not equal to b, then f(x) is not continuous atx=a
= Thisis a slightly more formal way of expressing the ‘you don’t have to lift your pencil from the
paper’ idea!

What does it mean for a function to be differentiable at a point?

= We say that a function f(x) is differentiable at a point with x-coordinate xq, if the derivative f'(x) exists
and has a well-defined value f’(xp) at that point
= Tobe differentiable at a point a function has to be continuous at that point
= Soifafunctionisnot continuous at a point, thenitis also not differentiable at that point
= But continuity by itself does not guarantee differentiability
= This means that differentiability is a stronger condition than continuity
= [fafunctionis differentiable at a point, then the functionis also continuous at that point
= Butafunction may be continuous at a point without being differentiable at that point
= This means there are functions that are continuous everywhere but are not differentiable
everywhere
= |naddition to being continuous a point, differentiability also requires that the function be smooth at
that point
= ‘Smooth’ means that the graph of the function does not have any ‘corners’ or sudden changes of
direction at the point

= Anobvious example of a function that is not smooth at certain points is a modulus function |f(x)| at

any values of x where f(x) changes sign from positive to negative
= Atany such pointa modulus function will not be differentiable
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y = f(x) y = If(x)

O \/ / ’
CONTINUOUS AND CONTINUQUS AT
DIFFERENTIABLE AT ALL POINTS BUT NOT
ALL POINTS DIFFERENTIABLE AT

THESE TWO POINTS

©O Examiner Tip

= Onthe examyou willnot usually be asked to test a function for continuity at a point
= You should however be familiar with the basic ideas about continuity outlined above
= Onthe examyouwillnot be asked to test a function for differentiability at a point
= Youshould however be familiar with the basic ideas about differentiability and its relationship
with continuity as outlined above
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@ Worked example

Your notes
Consider the function f defined by

f(x) = 2 x=3

x+2

\

a) use limits to show that £ is not continuous at X = 3.

fa)es 2

S H0) = P eet) e @Y - =
.

Thwe k-—ﬁlt .'Ffb-m bt'\ou‘

lim i r i . N . 8.
X'-)3+ {:(K) = X217 M - pr B

Tuwe \icnit “frown obove’

i

iy} fix) # 'F(?'), thecefore T is not
C-Oﬂ't;nuous o..‘t K = 3
b)

Hence explain why f cannot be differentiable at X = 3.
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j ot‘Aer To be A;{fﬁfQﬂT;gL‘Q al. ik Yo“,\t' Your notes

o 'fu.n;t:on must \:Q coﬂt;nuous o..t t\no.t
?o;ﬂt.

§ s sk sanlievans el ®E . 't\nerefore
';t Co..nnot Le A:‘F‘Eefﬂ.nt"a‘)le o.t X=3.
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