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3.6.1Simple Identities

Simple Identities

What is a trigonometric identity?

= Trigonometric identities are statements that are true for all values of X or 0

= They are used to help simplify trigonometric equations before solving them
= Sometimesyoumay see identities written with the symbol=
= This means 'identical to'

What trigonometric identities do | need to know?

= Thetwo trigonometric identities you must know are

sin 0
« tan @ =

cos 0

= Thisistheidentity fortan8
» sin260 + cos?f = 1

= Thisisthe Pythagoreanidentity

= Note that the notationsin 26 is the same as (sin 9) 2
Bothidentities can be found in the formula booklet
Rearranging the second identity often makes it easier to work with
» sin20= 1- cos? 0
» cos?f= 1- sin?6

Where do the trigonometric identities come from?

= Youdo notneed to know the proof for these identities but it is a good idea to know where they come

from
= From SOHCAHTOA we know that

opposite _ O

» sin 0 = =
hypotenuse  H
adjacent A
= cos O = e 2
hypotenuse  H
opposite O
» tan 0 = L =—
adjacent A
= Theidentity fortan @ canbe seenby divingsin 8 by cos 0
(0]
simf 7w O 9
. =——=—=tan
cosd A A
H

= Thiscanalso be seenfromthe unit circle by considering aright-triangle with a hypotenuse of 1

Page 2 of22

© 2015-2024 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers

4

Your notes


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

1, SaveMyExams

Head to www.savemyexams.com for more awesome resources

. 9_0_5in9
- fan A cosf

= The Pythagoreanidentity can be seenby considering aright-triangle with a hypotenuse of 1
= Then(opposite)?+ (adjacent)2=1
= Therefore sin? @+cos? 6 = 1

= Considering the equation of the unit circle also shows the Pythagorean identity

» The equation of the unitcircleis x2 + _y2 =1
= The coordinates on the unit circle are (cos 6, sin )
= Therefore the equation of the unit circle could be writtencos? @ +sin? 6= 1

. . T
= Athirdvery usefulidentityissin @ =cos (90° — 6) orsin 6 =cos (7 - 0)
= Thisisnotincludedinthe formula booklet butis useful toremember

How are the trigonometric identities used?

= Most commonly trigonometric identities are used to change an equationinto aform that allows it to be

solved
= They canalso be usedto prove furtheridentities such as the double angle formulae

O ExaminerTip

= |fyou are asked to show that one thingisidentical (=) to another, look at what parts are missing -

forexample, if tan x has gone it must have been substituted
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@ Worked example

Show that the equation ZSiI’l2 X — c0S X = 0 canbe writtenin the form
acos? x+ bcos x+ ¢=0,where a, b and c areintegers to be found.

7sin*x - cosae = 0

Equakion has both sinae ond cosx so will need
c‘hcmainﬂ before it con be golved.

%G, the_ Ideﬂhlt\j SiﬂiD(‘_ = '| o COSILDC—
Subskitute : 2(1 = Cosix) - cosot =0

Expand : 2~ 2cos’axx - Cosx =0
R_acwr‘anﬁe_: 2(‘_05“‘3(_ + COSx - 2 =0

6a=2, b=, ¢=-2
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3.6.2 Compound Angle Formulae 4

Your notes

Compound Angle Formulae

What are the compound angle formulae?

There are six compound angle formulae (also known as addition formulae), two each for sin, cos and
tan:

Forsinthe +/- sign on the left-hand side matches the one on the right-hand side

= sin(A+B)=sinAcosB + cosAsinB

= sin(A-B)=sinAcosB - cosAsinB
Forcos the +/- sign on the left-hand side is opposite to the one on the right-hand side

» cos(A+B)=cosAcosB - sinAsinB

= cos(A-B)=cosAcosB + sinAsinB
Fortanthe +/- sign on the left-hand side matches the one in the numerator on the right-hand side, and
is opposite to the one in the denominator

_ tanA +tanB
+ tan(A +B) = 1 —tanAtanB
_ tanA —tanB
+ tan(A - B) = 1 +tanAtanB

The compound angle formulae can all the found in the formula booklet, you do not need to remember
them

When are the compound angle formulae used?

The compound angle formulae are particularly useful when finding the values of trigonometric ratios
without the use of a calculator
= Forexample to find the value of sin15° rewrite it as sin (45 - 30)° and then
= apply the compound formula for sin(A - B)
= useyourknowledge of exact values to calculate the answer
The compound angle formulae are also used...
= . toderive furthermultiple angle trig identities such as the double angle formulae
= .. intrigonometric proof
= . tosimplify complicated trigonometric equations before solving

How are the compound angle formulae for cosine proved?

= The proof forthe compound angle identity cos (A-B)=cosAcos B +sinAsinBcanbe seenby

considering two coordinates on a unit circle, P(cos A, sinA) and Q (cos B, sin B)
= The angle between the positive x- axis and the point Pis A
= The angle between the positive x- axis and the point Qis B
= TheanglebetweenPand QisB-A
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= Using the distance formula (Pythagoras) the distance PQ can be given as ,
* |PQ|?=(cosA-cosB)?+(sinA-sinB)?
= Usingthe cosinerule the distance PQ can be given as Your notes

= |PQI2=12+12-2(1)(T)cos(B-A)=2-2cos(B-A)
= Equating these two formulae, expanding and rearranging gives
8 2-2cos(B-A)=cos?A +sin?A +cos?B +sin?B-2cosAcos B - 2sinAsin B
m 2-2cos(B-A)=2-2(cosAcosB +sinAsinB)
» Thereforecos(B-A)=cosAcosB +sinAsinB
= Changing -AforAin thisidentity and rearranging proves the identity for cos (A + B)
. cos(B-(-A))=cos(-A)cosB +sin(-A)sinB= cosAcosB-sinAsinB

YN

IPQI

(cos B, sinB) Q
P(cos A, sin A)

xV

How are the compound angle formulae for sine proved?

= The proof forthe compound angle identity sin (A + B) can be seen by using the above proof forcos (B -
A)and
= Considering cos (/2 - (A + B)) = cos (11/2)cos(A + B) + sin(1t/2)sin(A + B)
. Therefore cos (/2 - (A+B))=sin(A+B)
= Rewriting cos (/2 - (A + B)) as cos (/2 - A) + B) gives
= cos(m/2-(A+B))=cos(rt/2-A)cosB+sin(r/2-A)sinB
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= Usingcos(m/2-A)=sinAandsin (/2 - A) = cos Aand equating gives
n sin(A+B)=sinAcosB+cosAcosB
= Substituting B for -B proves the result forsin (A - B)
How are the compound angle formulae for tan proved?

= The proof forthe compound angle identities tan (A + B) can be seen by
sin(A £ B)

cos(A + B)

= Substituting the compound angle formulaein

= Dividing the numeratorand denominator by cos Acos B

= Rewritingtan(A+B)as

©O Examiner Tip

= Allthese formulae are in the Topic 3: Geometry and Trigonometry section of the formula booklet
- make sure that you use them correctly paying particular attention to any negative/positive signs
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@ Worked example ,

Your notes
a) s s 2(tan2x+1)
Showthattan| x+— |- tan|x—— |= ————

4 4 1 —tan?x

Use the compour‘d ongle formulon  for ton:

i Ty = tonx & tane - tbonx +)
an (x * Cf-) | - Lonx iqn% I = bensc
N x) = tenx —tane _  bonx - |

el (x N "") | + Lanx -hmﬂ—g I + bansc

Puk ’t.oae_bhe.r and s{m?uftj;

tanxy | tonx —| (tanx + D + tonx) —(tonx - |)(| = ’C""":“-)

| - Lanax | + Lanx (l - {-,an:r_) (I + {-,anx)
tanlx + Zbanx | - (- tan'x + 2Zbanzx - 1)
(I - tanx) (I + {-,omx)
= 2bontx +2
| - ban® 2
7.(?:&.«11 + l)

| - tant2e

T T TT
Hence, solve tan(x+ ?)— tan(x—Z) = —4for) <x < 7
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Use the onswer found in (&) ko wrike o new ec\‘uah\'an‘- ,
Your notes

2(rantx +1)

| -tan*x

RQ&((QV\&Q and  loring  olk Lerms v bonx bto one side :
ZLﬁ-am"x +1) = -4 () -tant=x)

2 tan'x + 2 = -4 + Gean®x

2Ztan'x -6 - O
tan'= = 3
o x = £{3
x = %, -E__outside of given range
x =1
3

Page 9 of 22

© 2015-2024 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

1, SaveMyExams

Head to www.savemyexams.com for more awesome resources

3.6.3 Double Angle Formulae

Double Angle Formulae
What are the double angle formulae?

= The double angle formulae for sine and cosine are:
= sin 20 = 2sin Ocos O

= cos260 = cos? 60— sin? @ = 2cos2 H—1 = 1— 2sin2 0
1 —tan26

= These canbe foundinthe formula booklet
= The formulae for sinand cos can be foundin the SL section
= The formulafortancanbe foundinthe HL section

How are the double angle formulae derived?

= The double angle formulae can be derived from the compound angle formulae
= Simplyreplace BforAineach of the formulae and simplify
= Forexample

m Sin2A =sin(A+A)=sinAcosA + sinAcosA = 2sinAcosA
How are the double angle formulae used?

= Double angle formulae will often be used with...
= .. trigonometry exactvalues
= ... graphs of trigonometric functions
= . relationships between trigonometric ratios

= To help solve trigonometric equations which contain sin Ocos O:
| .
= Substitute - sin 20forsin Ocos 0

= Solvefor20,ﬁndingaIIvaIuesintherangefor29
] Therangewillneedadaptingfor29
= Find the solutions for &
= To help solve trigonometric equations which contain sin 260 andsin 6 orcos 6
= Substitute 2sin @cos O forsin 26
= Isolatealltermsin @
= Factorise oruse anotheridentity to write the equationin a form which can be solved
= To help solve trigonometric equations which contain COS 260 andsin O orcos 0
= Substitute either2c0s2 0—1 or1 — 2sin? Oforcos 26
= Choose the trigonometric ratio that is already in the equation
» Isolatealltermsin @
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= Solve ,
= The equation willmost likely be in the form of a quadratic
= Tohelp solve trigonometric equations which contain tan 26 Your notes
= Substitute the double angle identity for tan 26
= Rearrange, often this willlead to a quadratic equationinterms of tan 6
= Solve

= Double angle formulae can be usedin proving other trigonometric identities

O Examiner Tip

= Allthese formulae are in the Topic 3: Geometry and Trigonometry section of the formula booklet

= |fyou are asked to show that one thingis identical (=) to another, look at what parts are missing -
forexample, if sinB has disappeared you may want to choose the equivalent expression for cos26
that does notinclude sinf
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@ Worked example /

) . Your notes
Without using a calculator, solve the equation SIn 20 =sin @for0° < 6 < 360°. Showall

working clearly.

Double angle identiby : sin20 = 2s5\n6cosb
2sinBcosb = snp
Brinﬁ bolhh  Ldentities Lo one side:
ZsinBcosB -snb =0
Foactorise : sind (2cosB -1) =0
find  solukions: sind =0 2¢0s6 -1 =0
6 =0 %
cos@ =7
6 = 60’
Find seco ncla\rj values wikhin ronge :

cosbo’ = Ii, so
./draw Une bto x =7

300‘/ 60
G T % sind =0 gives the
]
Second solution = Solutions 8= 0°, 180°, 340’
for sinB =0 is
6 = \g0°

6= 0°, 60° 180° 300° 340°
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3.6.4 Relationship Between Trigonometric Ratios

Relationship Between Trigonometric Ratios
What relationships between trigonometric ratios should | know?

= |fyouknow avalue forone trig ratio you can often use this to work out the value for the others without
needingtofind @

a
= |f youknow that SIn 0= — wherea, b € Z"',you can:

b

= Sketcharight-triangle with a opposite 8 and b on the hypotenuse
= UsePythagoras’ theorem to find the value of the adjacent side
= Use SOHCAHTOA to find the values of cos 8 and tan 8
= |f youknow avalue forsin 8 or cos 8 you can use the Pythagorean relationship
= sin2 0+ cos?0=1
= tofind the value of the other
= |f youknow avalue forsin 8 or cos 6 you can use the double angle formulae to find the value of sin 26 or
cos 26
= |f youknow avalue fortan 8 you canuse the double angle formulae to find the value of tan 26
= |fyouknow two out of the three values for sin 6, cos 6 or tan 8 you can use the identity in tan

sin 0

= tan 0=
cos 0

= tofind the value of the third ratio
How do we determine whether a trigonometric ratio will be positive or negative?

= |tis possible to determine whether a trigonometric ratio will be positive or negative by looking at the
size of the angle and considering the unit circle
= Anglesintherange 0° <6° < 90° will be positive for all three ratios
= Anglesintherange 90° <0° <180° will be positive for sin and negative for cos and tan
= Anglesintherange 180° < 0° <270° will be positive for tan and negative for sinand cos
= Anglesintherange 270° <6° < 360° will be positive for cos and negative for sinand tan
= Theratios forangles of 0°,90°,180°,270° and 360° are either O, 1, -1orundefined
= Youshould know these ratios or know how to derive them without a calculator

O Examiner Tip

= Being able to sketch out the unit circle and remembering CAST can help you to find all solutions to
aprobleminanexam question
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4

@ Worked example
3 Your notes
. T
Thevalue of SIN @ = gfor? < a £ T. Find:
i) cos o
Method 1 Use ris\nt —trianale:
1T <
3 S REE
s
Answers in re%'-an %ees 1T ‘31
~a
SIN & = %
H
s - - |
03 Sins H
TC ¢ =

/A 4—7\ Bﬁ Pythagoras’ theorem:
x coordinate of —& c = |g2 -3% = 4
c\»)ives Solution in reaion

Cos o< =é - -‘%
Coso. -—%

Mekhod 2 : Use st’shoﬁore_an ido_ﬂ’cib‘-j:
cos'® =1-Sin*x = |—(—g—)z

COSex = 1— |[—26—é =t%
opae bl

Solukion (s in
ro\nae..

if) tan a
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2
sz, topdt = S0& - & _ . S
Cosx o 4
=
Check if bcmokz—% is in the correck range
for TL cx ¢ T
z s

if) sin 2«
DOub'LE‘_

Sin 2

iv) cos2a

& 73
tonee s negakive
M

ana‘-e. idenl:l%:\«j‘- sin20 = 2s\nBcosb

= 2Sin o Cos &

S.\f\ot. = %
3 4 a2
= 2(—5)(-€) Cos i = _g.
= -2k
2.5
Sin 2 =‘%—g
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4

Double Ou‘uj‘io_ (dem{(&:j : Cos2e¢ = cos®ot — Sinx
Your notes

¢\*  (3\* %

q.
CoSs 20 = 28

v) tan 2«
Usinc:) (den’cf{:\tj toan B = Sin6
cosB
. 74
boan2x = Sin2x = 75 = -2%
cCos 20 = =3
29

tan2 = =
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3.6.5 Linear Trigonometric Equations

Trigonometric Equations: sinx = k
How are trigonometric equations solved?

= Trigonometric equations can have aninfinite number of solutions
= Foranequationinsinorcosyoucanadd 360° or 2t to each solution to find more solutions
= Foranequationintanyoucanadd180° ormto eachsolution
= When solving a trigonometric equation you will be given arange of values within which you should find
allthe values
= Solving the equation normally and using the inverse function on your calculator or your knowledge of
exact values will give you the primary value
= The secondary values can be found with the help of:
= Theunitcircle
= The graphs of trigonometric functions

How are trigonometric equations of the form sin x = k solved?

= |tisagoodideato sketchthe graph of the trigonometric function first
= Use the givenrange of values as the domain for your graph
= Theintersections of the graph of the function and the line y = k will show you
= Thelocation of the solutions
= The number of solutions
= Youwillbe able to use the symmetry properties of the graph to find all secondary values within the
givenrange of values
= The method for finding secondary values are:
= Forthe equation sinx = k the primary value is x; = sin 'k
= Asecondaryvalueisxp=180° - sin 'k
= Thenallvalues within the range can be found using x; + 360n and

xp +360nwheren e N
» Forthe equation cosx = k the primary value is x; = cos 'k
» Asecondaryvalueisxy=-cos 'k
= Thenallvalues within the range can be found using x; £ 360n and

xp£360nwheren e N
» Forthe equationtanx=k the primary valueisx = tan 'k

» Allsecondary values within the range can be found usingx +180nwherene N
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O Examiner Tip ,

Your notes
= |f youare using your GDC it will only give you the principal value and you need to find all other

solutions for the giveninterval
= Sketchout the CAST diagram and the trig graphs on your exam paper to refer back to as many
times asyouneedto

@ Worked example

Solve the equation2cos X = — 1 ,finding all solutionsintherange — T < X < TT.

Isolakte cos=x : cosx = - |

/4
=] .
X =Cos \T2
use. GOC or ( )
knowledae of = 2K é/Pr;mO\’(':j value
exock wvalues 3

F-:nd\ Secondo'@ volues

5
21
3
o _ 4T
27&"3“&3— — )N 0,2TC
-as JT_2n
Wor'c{ng with i =
Cosxx. so frad

x - coovdinake

_23“ £ 2T aed LT x 2T

Find ol onswecs  n mnse -TL< 2 <3

2T 2T 4T ST
3’ 3 '3’ ™3
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Trigonometric Equations: sin(ax + b) = k

How can | solve equations with transformations of trig functions?

Trigonometric equationsin the form sin(ax + b) can be solved in more than one way
The easiest method is to consider the transformation of the angle as a substitution
= Forexampleletu=ax+b
Transform the giveninterval for the solutions in the same way as the angle
= Forexampleif the givenintervalis 0° <x < 360° the new interval willbe
= (@(0°)+b)<u<(a(360°)+b)
Solve the function to find the primary value foru
Use either the unit circle or sketch the graph to find all the other solutions in the range foru
Undo the substitution to convert all of the solutions back into the corresponding solutions for x
Another method would be to sketch the transformation of the function
= |f youuse this method thenyou willnot need to use a substitution for the range of values

©O Examiner Tip

end!

= |fyouare using your GDC it will only give you the principal value and you need to find all other

solutions for the giveninterval

times asyouneedto
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@ Worked example /

Your notes
Solve the equation2¢0s(2x — 30°) = — 1, finding all solutions in the range

—360° < x < 360°.

2(:05(23c—30°) = - -360°< x ¢ 360°
Start b& c.hansin\j the mnae i —F50°¢ 22¢-30 5 690°

Substituke B = 2oc-30:

2cosB =-1 -350°< O < 690°
I
Cos B = =i
Pr.mour
6 - -£) = 120° Lotue
A

j20° 360°-120°

AN ANLLAN 20

-1-20\ / 260 ./ 290
\/ NS

From the skekch You con see there are B solubions :
6= 120"% 360° oand 6O = 240°x30°

L) -] L] ™ -] o o L
0= -600,-480", -2¢0 -120°, 120, 240", %R0, 60O

Solve for oc: x =6'+30
7

x = -285°, -228% -105°, -4s°
#5°, 13s°, 2s5°, 315°
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3.6.6 Quadratic Trigonometric Equations

Quadratic Trigonometric Equations

How are quadratic trigonometric equations solved?

A quadratic trigonometric equationis one thatincludes eithersin? 0, cos? Qortan? @

Oftentheidentity sin? 0+ cos? 0 =1 canbeusedto rearrange the equationinto aformthatis
possible to solve

= |fthe equationinvolves both sine and cosine then the Pythagorean identity should be used to

write the equationin terms of just one of these functions

Solve the quadratic equation using your GDC, the quadratic equation or factorisation

= This can be made easier by changing the functionto a single letter

= Such aschanging2COS2 0—3cos@—1=0t02c2—3c—1=0

A quadratic can give up to two solutions

= You must consider both solutions to see whether areal value exists

= Rememberthat solutions forsin8 =k and cos 8 =k only exist for-1<k<1

= Solutionsfortan 6 =k exist forall values of k
Find all solutions within the giveninterval

= There will often be more than two solutions for one quadratic equation

= The bestway to check the number of solutions is to sketch the graph of the function

©O Examiner Tip

= Sketchthe trig graphs onyour exam paper to refer back to as many times as you need to!
= Be careful to make sure you have found all of the solutions in the giveninterval, being super-
careful if you get a negative solution but have a positive interval
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@ Worked example

Solve the equation 11sin x — 7 =5¢0s? X, finding all solutionsintherange) < x < 2T

Use the ide.vi’t,\t:j cos?x = |- gin*sc to weike

eq/up\{;(on in terms of sin:

llsine = F = S(l —=sin*x)

in formula ooklet
= S - 58'..(‘[13('_

Move oll terms *to one gide:

|| sine = F —(5 - Ssin?“:x_) =0
Spot the hidden guodratic
lIsinx = F = 5+ S8Ssin®*x =0

Ssin?x + llsine =12 =0

Sinoc = £ or  sinx = -3
Sinxe so use i
/ 3‘ coordinate. i S?mh 2
i So A\Sf‘eSo\(‘:i_
Sinc = —= &
x = 0.92372 ... 0a232...
. Vol .
pr.mqr:j solukion
x = 7C -0.927%2...

2.2\4% .

Secono\o\fb/ﬂso'n ubion

x = 092%, 2.21 (3sf.)
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