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5.3.1Introduction to Integration

Introduction to Integration
Whatis integration?

= |ntegrationis the opposite to differentiation
= Integrationisreferredto as antidifferentiation
= Theresult of integrationis referred to as the antiderivative
= Integrationis the process of finding the expression of a function (antiderivative) from an expression of
the derivative (gradient function)

What s the notation forintegration?

= Anintegralis normally writtenin the form

f f(x) dx

] thelargeoperatorfmeans“integrate”

= “dx”indicates whichvariable to integrate withrespect to

] f(X) is the function to be integrated (sometimes called the integrand)
= The antiderivative is sometimes denoted by F(X)

= there’sthennoneedtokeep writing the whole integral; refertoitas F(X)
] F(X) may also be called the indefinite integral of f(X)

What is the constant of integration?

= Recall one of the special cases from Differentiating Powers of x

« 1f f{x)=athen (x)=0

= This meansthatintegrating O will produce a constant termin the antiderivative
= azerotermwouldn’'tbbe written as part of a function
= every function, whenintegrated, potentially has a constant term

= Thisis called the constant of integration and is usually denoted by the letter C

= jtisoftenreferredtoas “plus C”
= Without moreinformationitisimpossible to deduce the value of this constant
= there are endless antiderivatives, F(X),forafunction f(X)
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Integrating Powers of x ,
How do lintegrate powers of x? Your notes
= Powers of X areintegrated according to the following formulae:

« 1f f(x)= X" then ff(x) dx=

of integration

Xn+1

n+ 1 + cwhere n € Q, n# — 1 and Cisthe constant

= Thisis givenin the formula booklet

= |fthe powerof X is multiplied by a constant then the integralis also multiplied by that constant

axn +1
« 1f f(x)= ax” then ff(x) dx=

——— + cwheren € Q, n# — 1 and aisaconstant
n+1
and Cisthe constant of integration

dy
= — notation canstillbe used with integration
dx
= Note that the formulae above donotapplywhen n = — 1 as this would lead to division by zero

= Rememberthe special case:
. fa dx=ax+c
" eq. f4dX=4X+C

= This allows constant terms to be integrated

= Functionsinvolving roots will need to be rewritten as fractional powers of X first
1

= eg.lf f(X) = 5«3/ X thenrewrite as f(X) =5x3 and integrate
= Functionsinvolving fractions with denominatorsin terms of X willneed to be rewritten as negative
powers of X first

« eg. If f(x) 4

= + X2 thenrewrite as f(X) =4x72 + x? andintegrate
X

= Theformulae forintegrating powers of X apply to all rational numbers soitis possible to integrate any
expression thatis a sum or difference of powers of X

= eg If f(x)= 8x3 —2x +4 then

gx3t+t1 oyl +1

ff(X)dX= 3+l 141 +4x+c=2x4-x2+4x+c

= Products and quotients cannot be integrated this way so would need expanding/simplifying first
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s eg lf fx)= 8X2(2x— 3) then ,

l6x4  24x3
ff(X)dX=f(16x3—24x2)dx= Ox7 _ 24x

4 3
What might | be asked to do once I’ve found the anti-derivative (integrated)?

Your notes

+e=4x*-8x3+c

= With more information the constant of integration, C, canbe found
= The areaunder acurve canbe found usingintegration

Q Examiner Tip

= You canspeedup the process of integrationin the exam by committing the pattern of basic
integrationto memory
= |ngeneralyou canthink of it as 'raising the power by one and dividing by the new power'
= Practice thislots before your exam so that it comes quickly and naturally when doing more
complicatedintegration questions
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@ Worked example ,

) Your notes
Giventhat
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5.3.2 Applications of Integration /

Your notes
Finding the Constant of Integration
What is the constant of integration?

= When finding an anti-derivative there is a constant term to consider

= thisconstantterm, usually called C, is the constant of integration
= |nterms of graphing an anti-derivative, there are endless possibilities
= collectively these may be referred to as the family of antiderivatives or family of curves
= the constant of integrationis determined by the exactlocation of the curve
= if apointonthe curveis known, the constant of integration can be found

How do | find the constant of integration?

= For F(X) +c= ff(X) dx, the constant of integration, C - and so the particular antiderivative -
canbe foundif a point the graph of y = F(X) + C passes throughis known
STEP1

If need be, rewrite f(X) into anintegrable form

Eachtermneedsto be apower of X (oraconstant)

STEP 2

Integrate each term of f(X) remembering the constant of integration, “ + C”
(Increase power by 1and divide by new power)

STEP 3
Substitute the X and J coordinates of a given pointinto F(X) + Ctoformanequationin C

Solve the equationto find C

O Examiner Tip

= |f aconstant of integration can be found then the question will need to give you some extra
information
= [fthisis giventhen make sure you use it to find the value of ¢
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@ Worked example

The graphof y = f(X) passes through the point (3, - 4). The gradient function of f(X) is given by
f'(x)=3x2-4x—-4.

Find f(x).

steey ¥ tx) ic o\ eady in on \n}\'eartﬁo\e %Drm
?(x\" 3 - Yo -\
STEP 2 \n’\‘eﬁrti\'e, Fe:nem\:»eﬁng “+c
Flor) = 3% - B - Mo +c
| A
Hx)= x?'- Joc =M wc
ctEr 3 Sonetitote o and y coordinges Yo find ¢
@)%
= (3)>-2(3) - (@) ve =%
7-\8-12+c¢c=-W
c=-\

* §loc)= 2>~ 20c™- o -\
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AreaUnder a Curve Basics /’
What is meant by the area under a curve? Your notes
y/\ Y= f(x)

v

0 X=a x=b

R IS THE AREA UNDER THE CURVE y = f(x)

= Thephrase “areaundera curve” refers to the area bounded by
= thegraphof y = f(X)
= the X-axis
= theverticalline X = a

» theverticalline X =b
= The exactareaunder acurveisfound by evaluating a definite integral

= Thegraphof y = f(X) could be a straightline
= theuse of integration described below would still apply
= but the shape created would be a trapezoid

1
» soitiseasiertouse“A = Eh(a + b)”

What is a definite integral?
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" #x) dx=F(b) - F(a) s

Your notes

= Thisis known as the Fundamental Theorem of Calculus
= aandb are calledlimits
= aisthelowerlimit
= bistheupperlimit
] f(X) is the integrand
F(x) is an antiderivative of f{x)

= The constant of integration (“+ C”)is not needed in definite integration
= "+ C” would appear alongside both F(a) and F(b)

”y

= subtractingmeansthe “+ C”’s cancel

How do | form a definite integral to find the area under a curve?

= Thegraphof Y= f(X) and the X -axis should be obvious boundaries for the area so the key hereisin
finding @ and b - the lower and upper limits of the integral

STEP1
Use the given sketch to help locate the limits
You may preferto plot the graph on your GDC and find the limits from there

STEP 2
Look carefully where the ‘left’ and ‘right’ boundaries of the areallie
If the boundaries are vertical lines, the limits will come directly from their equations

Look out forthe Y -axis being one of the (vertical) boundaries - in this case the limit (X) willbe O
One, orboth, of the limits, could be aroot of the equation f(X) =0
i.e. where the graphof Yy = f(X) crosses the X -axis

In this case solve the equation f(X) = () to find the limit(s)
A GDC will solve this equation, either from the graphing screen or the equation solver

STEP 3
The definite integral for finding the area can now be set up in the form

A= fbf(x) dx
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O Examiner Tip /

Your notes
= | ook out forquestions that ask you to find anindefinite integral in one part (so “+c” needed), then

in alater partuse the same integral as a definite integral (where “+c” is not needed)
= Addinformation to any diagram providedin the question, as well as axes intercepts and values of
limits
= Markand shade the areayou’re trying to find, and if no diagramis provided, sketch one!
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Definite Integrals using GDC
Does my calculator/GDC do definite integrals?

= Modern graphic calculators (and some ‘advanced’ scientific calculators) have the functionality to
evaluate definite integrals

= j.e.theycancalculate the areaundera curve (see above)
If a calculator has a button for evalutaing definite integrals it will look something like

[
O

= This may be a physical button oraccessed viaan on-screen menu
= Some GDCs may have the ability to find the area under a curve from the graphing screen
= Be careful with any calculator/GDC, they may not produce an exact answer

How do luse my GDC to find definite integrals?
Without graphing first ...

= Once you know the definite integral function your calculator will need three things in order to evaluate
it
= Thefunctiontobeintegrated (integrand) ( l‘(X))
= Thelowerlimit(a fromX = a4)
= Theupperlimit (bfromx=b)
= Have aplay with the orderin which your calculator expects these to be entered - some do not always

work lefttoright asitappears on screen!
With graphing first ...

= Plotthegraphof y = f(X)
= Youmay also wish to plotthe verticallines X = @ and X = b
= make sureyour GDCis expectingan"X = " style equation

= Onceyou have plotted the graph you need to look for an option regarding “area” or a physical
button

= it may appearas theintegral symbol(e.g. de)

= your GDC may allow you to select the lower and upper limits by moving a cursor along the
curve - however this may not be very accurate
= your GDC may allow you to type the exact limits required from the keypad
= thelowerlimit would be typedin first
= readanyinformation that appears on screen carefully to make sure
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O Examiner Tip /

Your notes
= Whenrevising for your exams always use your GDC to check any definite integrals you have carried

out by hand
= Thiswillensure you are confident using the calculator you plan to take into the exam and
should also get youinto the habit of using you GDC to check your work, something you should
doif possible
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@ Worked example ,

Your notes
a) Using your GDC to help, or otherwise, sketch the graphs of

y=x%-2x2+5,
x=1and

X = 2 onthe same diagram

Use e 'srap\-{ Menu on yeor coc to p\oY Y= -2 + 5,
Yoo may then need Yo c\-uanas the ‘inpittype’ ko ‘o=’

to enter x=| ard x=2.

Pl Yhe %i‘ap\'\ o yor EDC and ketehs the recolt, eneuﬁns
o inclode ol\ the main propertics o eoch 3&».9\\,

o:) 21y sct-22 45

|

The area enclosed by the three graphs from part (a) and the X-axisis to be found.
Write down anintegral that would find this area.

a

(x“'— '2;3+5) dx

c) Using your GDC, or otherwise, find the exact area describedin part (b).

a
Give youranswerinthe form 5~ where @ and bare integers.

b
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