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2.9.1Modulus Functions /

Your notes
Modulus Functions & Graphs

What is the modulus function?

= The modulus functionis defined by f(X) = |X|
< Ixl=y/2

x x20
= Equivalently it can be defined |X| =

-x x<0

= |tsdomainis the set of all real values

= |tsrangeis the set of allreal non-negative values

= The modulus function gives the distance between O and x
= Thisisalso called the absolute value of x

What are the key features of the modulus graph: y = |x]|?

= The graphhas ay-interceptat (O, O)
= The graphhasonerootat (0, O)
= The graphhasavertexat (0O, O)
= The graphis symmetrical about the y-axis
= Atthe origin
= The functionis continuous
= Thefunctionis not differentiable

N

y = Ixl

T~
—
X
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What are the key features of the modulus graph: y = a|x + p| + q? /

= Every modulus graph whichis formed by linear transformations can be written in this form using key
features of the modulus function

- lax|=|al|x]|

Your notes

= Forexample: |2X+ 1 | =2

x+ > |
- lp—x|=|x-pl
= Forexample: |4 —Xl = |X—4|
= The graphhasay-interceptwhenx=0
= Thegraphcanhave O,Tor2roots
= |f aand ghave the same sign then there willbe O roots
= |[fg=0thentherewillbelrootat(-p,0)

9 0)
= |f aand ghave different signs then there willbe 2 roots at (—p t Z ,O

\ /

= The graphhasavertexat(-p,q)
= The graphis symmetrical about thelinex=-p
= Thevalue of a determines the shape and the steepness of the graph
= |faispositive the graphlookslike V
= |f ais negative the graphlookslike A
= Thelargerthe value of |a| the steeper the lines
= Atthe vertex
= Thefunctionis continuous
= Thefunctionis not differentiable
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2.9.2 Modulus Transformations /

Your notes

Modulus Transformations
How do I sketch the graph of the modulus of a function: y = | f(x)|?

= STEP 1: Keep the parts of the graph of y = f(x) that are on or above the x-axis
= STEP 2: Any parts of the graph below the x-axis get reflected in the x-axis

How do I sketch the graph of a function of amodulus: y = f(|x|)?

= STEP1: Keep the graph of y = f(x) only for x>0
= STEP 2: Reflect thisin the y-axis

What s the difference betweeny = |f(x)| and y = f(|x]|)?

= The graph of y = |f(x)| never goes below the x-axis
= |tdoesnothave tohave anylines of symmetry

= The graph of y = f(|x|) is always symmetrical about the x-axis
= |tcangobelow the x-axis

When multiple transformations are involved how do | determine the order?

= The transformations outside the function follow the same order as the order of operations

- y=laf(x) +b|
= Dealwiththe athenthe b thenthe modulus
- y=a|fx)[+b

= Dealwiththe modulus thenthe athentheb
= The transformationsinside the function are in the reverse order to the order of operations

- y=1f{|ax+b|)
= Deal with the modulus thenthe bthenthea
- y=1fa|x|+b)

= Dealwiththe b thenthe athenthe modulus

O Examiner Tip
= When sketching one of these transformations in an exam question make sure that the graphs do
not look smooth at the points where the original graph have been reflected
= Fory= |f()() | the graph shouldlook "sharp” at the points where it has beenreflected on
the x-axis
= Fory= 1‘( |)( |) the graph should look "sharp” at the point where it has beenreflected on the
y-axis
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@ Worked example ,

Your notes
The diagram below shows the graph of Yy = f(X) .

A

A(—1,9)

“y

O

B (3, —3)

(a) Sketchthe graphof Yy = | f(X) | :
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H ’er amph S on or aboua Jrhe X-0X1S ’rhen it 51“035 Jr}u! same /
Your notes
I +he ﬂraph is below the x-axis the # is refleded in the x-axis

A s#uﬁs the came  (*,5) Ats) 3

B bewmes (3,3) §6.3)
(b) Sketch the graphof ¥ = (| x]) .

keep the Smph for 20

Refled this in the y-axis

A disoppears i

) stays the came (3,-3)

(3,-3) 8(3,-3)
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2.9.3 Modulus Equations & Inequalities /

Your notes
Modulus Equations
How do | find the modulus of a function?

= The modulus of a function f(x) is

flx) fx)20
- lﬂX)l:{—f(X) f(X)<O or

- [Ax)| = [Ax)P?

How do | solve modulus equations graphically ?

= Tosolve [f(x)| = g(x) graphically
= Drawy =|f(x)| andy = g(x) into your GDC
= Find the x-coordinates of the points of intersection

How do | solve modulus equations analytically?

= To solve [f(x)| = g(x) analytically
= Formtwo equations
= f(x)=9g(x)
= f(x)=-9(x)
= Solve both equations
= Check solutions work in the original equation
= Forexample: X — 2=2x—3 hassolutionx =1

= But|(1)—2|=1ana2(1)-3= -1
= Sox=1 isnotasolutiontolX—2| =2x—-3
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@ Worked example

Solvefor X:
a) 2x+3
2—-x |
Ana\@icq"a
SP!I* Iﬂh) ‘hﬂo efil-lﬂhms
ZJ_'*_“; = 15
2-2

Sohe mdivic]ua”a

el
L3 =051 2x43:=52-10
=3 13 =82
x = | X = %
Check "
s [
Xz or = %

by |3x—1|=5x—-11.

Graphi(a"&

Oketch the two qraphs
\ 23
HLH;—-:L

4=5

\

¥t

-15

Find the points of intersection
(1,5) (&33,5)
(hoose the - coordinates

Xz or .x=‘|'.33 (359
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Ana\aﬁica“a
SPH info two equahons
3x-1 = 1(5.1-“)

Sohe individua"a

3a-l=8a-ll | 3l =ll-5a

0 =2 éﬁawll
x =9 | %= 18

(.I'IELk .

3(5)-1[= , BOSY-U=35
5(5)-Il =) 5(15)-Il =-35

x=d
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Gmphim“\tj
Oketch the two qraphs
038/22 ~

Find the poinls of intersection
(5, 1)

x | (hoose the x-coordinates

x=d
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Modulus Inequalities
How do I solve modulus inequalities analytically?

= To solve any modulus inequality
= First solve the corresponding modulus equation
= Remembering to check whether solutions are valid
= Thenuse a graphical method orasign table to find the intervals that satisfy the inequality
= Anothermethodis to solve two pairs of inequalities
= For|f(x)| < g(x) solve:
= f(x) <g(x)whenf(x)>0
= f(x)>-g(x)whenf(x)<O
= For|f(x)| > g(x) solve:
= f(x)> g(x)whenf(x)>0
= f(x) <-g(x)whenf(x)<O

©O Examiner Tip

= |f aquestiononthisappears ona calculator paper thenuse the sameideas as solving other
inequalities
= Sketchthe graphs and find the intersections
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@ Worked example ,

Your notes
Solve the following inequalities for X.

a  |2x—-1|<4
50‘\:& lcor lx-120
5 . S
Fo,.l;—'l: -l <4 » x< 3 -v%sxcj

5o|ve {or Ix-1¢0

bt asl ¥k ® mand podams g
Combine inetluulijries L »
2 CX <
b |x+1|<[2x+3]
Solve the (orrespondins equation
lx e =]2x+3] > xel =2(2x+3)
SO\VG.. x+l=2x+3 S s -
xs -2 xF ‘%
= = : ‘
Check [@+1]=0le3m |- 3
3] Y3 5
USe a Sn%r\ h;He
(heck x=-3 Check x=15§  (heck x=0
3k < 26303 0S| < [209093] | [041] < [2(0) 43
2 < 3 . 05«0 5 I <« 3
Teue False True
v | X -/
=] _!'3".
Write solution x¢-21 or .1>“%
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2.9.4 Reciprocal & Square Transformations /

Your notes
Reciprocal Transformations
What effects do reciprocal transformations have on the graphs?

= The x-coordinates stay the same
= They-coordinates change
= Theirvalues become theirreciprocals

1
= Thecoordinates(x,y)become(X,; wherey#0

= |fy=0thenavertical asymptote goes through the original coordinate
= Pointsthatlieontheliney =1ortheliney = -1stay the same

How do I sketch the graph of the reciprocal of a function: y = 1/f(x)?
= Sketchthereciprocal transformation by considering the different features of the original graph
= Considerkey points on the original graph
= |f (x3,y7)isapointony =f(x) wherey;#0
( 1 1 | 1
\Xl,y1}|sapomtony— f(X)
= If |y7] < 1thenthe point gets further away from the x-axis
= |f ]y3] > 1then the point gets closer to the x-axis
= |fy=f(x)hasay-interceptat(0,c)wherec#0
1 ( 1
= Thereciprocalgraph Yy = m has ay-intercept at \O,;

)

s |fy=f(x)hasarootat(a, O)

1
= Thereciprocalgraph Yy = m has a vertical asymptoteat X = a

= |fy=f(x)hasaverticalasymptoteat X = g

1
= Thereciprocalgraph y = f(X) has a discontinuity at (a, O)

= The discontinuity will look like aroot
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s |fy=1(x) has alocal maximum at (x;, y;) where y; 20 /

1 1 Your notes
= Thereciprocalgraph Y = f(X) has alocal minimumat | X_.,——

= |f y=f(x) has alocal minimum at (x;, y;) where y; 0

1 1
= Thereciprocalgraph y = f( ) has alocalmaximumat| X ,——
X

I
lyl

= Considerkeyregions on the original graph

1
= |fy=f(x)is positive then y = f(X) is positive

1
= Ify=f(x)is negative then y = f(X) is negative

1
= Ify=f(x)isincreasingthen y = m is decreasing

1
= Ify=f(x)is decreasingthen y = f(X) isincreasing

= |f y=f(x) has a horizontal asymptote at y = k

1 1

. = —7— hasahorizontalasymptoteat Y = -~ ifk=0
Y %) ymp y k

1
. Y= @ tendstox=ifk=0

s |fy=f(x)tendsto x « asxtendsto +e or-«

= —1 =0
u has a horizontal asymptote at
Y f(X) ymp Y
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@ Worked example /

Your notes
The diagram below shows the graph of Yy = f(X) which has alocal maximum at the point A.

yll

1
Sketchthe graphof .y = f(— .
x)
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| /

A becors bitol misimam ('5,'3) Your notes

Verti ol asymplote becomes ot (2,0)
B bewmes (0, "E)
C becomes vertiaal asymptote X 10

Hori 20nfal agympfote y=-| remaing
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Square Transformations /
What effects do square transformations have on the graphs? Your notes

= The effects are similar to the transformation y = | f(x)|
= The parts below the x-axis are reflected
= The vertical distance between a point and the x-axis is squared
= Thishas the effect of smoothing the curve at the x-axis

y= [f(X) ]2 is never below the x-axis
= The x-coordinates stay the same
= They-coordinates change
= Theirvalues are squared
= Thecoordinates (x, y) become (x, y2)
= Points thatlie on the x-axis or the line y = 1stay the same

How do | sketch the graph of the square of a function: y = [f(x)]2?

= Sketchthe square transformation by considering the different features of the original graph
= Considerkey points onthe original graph
= |f (x3,y7)isapointony =f(x)

= (X1 ’yl 2) isapointony = I:f(X):l2
= If|y;] <1thenthe point gets closer to the x-axis

= If |y5] > 1then the point gets further away from the x-axis
= |fy=1f(x)hasay-interceptat (O, c)

= Thesquaregraph y = [f(X)]2 has ay-intercept at (0, 02)
= [fy=f(x)hasarootat(a, O)

= Thesquaregraph y = [f(X)]z has aroot and turning point at (a, O)
= |fy=f(x)hasaverticalasymptoteat X = g

= Thesquaregraph y = [IP(X)]2 has a vertical asymptoteat X = 4
= |f y=f(x) has alocal maximum at (xj, y7)

= Thesquaregraph Yy = [l‘(X)]2 has alocal maximum at (x;, y12) if y1> O

= Thesquare graph y = [f(X)]2 has alocal minimum at (x;, ;) if y;< 0
= |f y =f(x) has alocal minimum at (x;, y7)

= Thesquare graph y = [f(X)]z has alocal minimum at (x, y;?) if y;2 0

= Thesquaregraph Yy = [l‘(X)]2 has alocal maximum at (x;, y1?) if y;< O
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O Examiner Tip /

Your notes
= Inanexam question when sketching ¥ = [ f(X)P make it clear that the points where the new

graph touches the x-axis are smooth
= Thiswillmake it clear to the examiner that you understand the difference between the roots of

thegraphs y = ’f(X)l and y = [ftX)]z
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@ Worked example A/

Your notes
The diagram below shows the graph of ¥y = f(X) which has alocal maximum at the point A.

yl\ ]

Sketchthe graphof y = [f(X)]2 :

A becomes local minimum (-5, & ) X2

UEI‘ii(al assmpi‘uie 3(.‘2 remains

B becwmes (0, Ib ) B (0,16)
C be comes local minimum A (-5,%)
! 4=\
Hor 2onfal asawpfofe becomes H‘-' (m
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