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3.9.1Introduction to Vectors /

Your notes
Scalars & Vectors
What are scalars?

= Scalars are quantities without direction
= They have only a size (magnitude)
= Forexample: speed, distance, time, mass
= Most scalar quantities can never be negative
= Youcannot have anegative speed ordistance
What are vectors?

= Vectors are quantities which also have a direction, this is what makes them more thanjust a scalar
= Forexample: two objects with velocities of 7m/s and -7 m/s are travelling at the same speed but in
opposite directions
= Avector quantity is described by both its magnitude and direction
= Avectorhas componentsinthe direction of the x-, y-, and z- axes
= Vector quantities can have positive or negative components
= Some examples of vector quantities you may come across are displacement, velocity, acceleration,
force/weight, momentum
= Displacementis the position of an object from a starting point
= Velocityis aspeedinagivendirection (displacement over time)
= Accelerationis the changeinvelocity overtime
= Vectors may be givenin either 2- or 3- dimensions
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INITIAL VELOCITY u VELOCITY v AFTER ,

CONSTANT + SECONDS Your notes
ACCELERATION a

s METRES

INITIAL ’5 &EPOSIT!ON AFTER

POSITION t SECONDS
DISPLACEMENT s

m/s = METRES PER SECOND

m/s?*= METRES PER SECONDS
SQUARED

ms™1

ms—2

O Examiner Tip

= Make sure you fully understand the definitions of all the words in this section so that you can be
clearabout what your exam questionis asking of you
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@ Worked example

State whether each of the following is a scalar or a vector quantity.

a) Aspeedboat travels at 3m/s on a bearing of 052°
Spee,ol weth o S'We_r\ direckion —» Ve_\ocibx\;)

Vector

b) Agardenis1.7 mwide
Le,nskh with no  diveckion

Scalar

c) Acar accelerates forwards at 5.4 ms™2

A ccelerokion has direckion

Vector

d) A film lasts 2 hours 17 minutes

_ﬁme_ hos no direction

Scalar

e) An athlete runs at an average speed of 10.44 ms™!
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SPQ.EA with o direckion (s o scalar ,
Your notes
Scalar
f) Aballrolls forwards 60 cm before stopping

Disg)\ace.me_n\: hos  diwreckion

Vector
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Vector Notation
How are vectors represented?

= Vectors are usually represented using an arrow in the direction of movement
= Thelength of the arrow representsits magnitude
= They are written as lowercase letters eitherin bold or underlined
= Forexample avectorfromthe point O to Awillbe writtenaora
= The vectorfromthe point Ato O willbe written -aor-a
= [fthe start and end point of the vectoris known, itis written using these points as capital letters with an
arrow showing the direction of movement

—_— e
= Forexample: ABorBA

= Two vectors are equal only if their corresponding components are equal
= Numerically, vectors are either represented using column vectors or base vectors
= Unless otherwise indicated, you may carry out all working and write your answers in either of these
two types of vector notation

What are column vectors?

= Column vectors are where one numberis written above the other enclosed in brackets

= |n2-dimensions the top number represents movementin the horizontal direction (right/left) and the
bottom number represents movementin the vertical direction (up/down)

= Apositive value represents movement in the positive direction (right/up) and a negative value
represents movement in the negative direction (left/down)

3

= Forexample: The columnvector ( ) represents 3 units in the positive horizontal (x) direction

(i.e., right) and 2 units in the negative vertical (y) direction (i.e., down)
= |n3-dimensions the top number represents the movementin the x direction (length), the middle
number represents movementin the y direction (width) and the bottom number represents the
movementin the zdirection (depth)

3

= Forexample: The columnvector 4 represents 3 unitsin the positive x direction, 4 units in the

2

negative y direction and 2 units in the positive zdirection
What are base vectors?

= Basevectorsusei,jandknotationwherei,jandk are unit vectors in the positive x, y, and z directions
respectively
= Thisis sometimes also called unit vector notation
= Aunitvectorhas a magnitude of 1
= |n2-dimensionsirepresents movementin the horizontal direction (right/left) and jrepresents the
movementin the vertical direction (up/down)
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= Forexample: The vector (-4i + 3j) would mean 4 units in the negative horizontal (x) direction (i.e., ,
left) and 3 units in the positive vertical (y) direction (i.e., up)
In 3-dimensionsirepresents movementin the x direction (length), j represents movementin the y Your notes

direction (width) and krepresents the movement in the zdirection (depth)
= Forexample: The vector (-4i + 3j - k) would mean 4 units in the negative x direction, 3 unitsin the
positive y direction and Tunit in the negative z direction
As they are vectors, i, jand k are displayed in bold in textbooks and online but in handwriting they
would be underlined (j, jand k)
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THE ARROW SHOWS
THE DIRECTION

B B
THE LENGTH OF
THE LINE SHOWS
SIZE OR MAGNITUDE
A A
aOR a AB BA

VECTORS CAN BE WRITTEN AS
BOLD OR UNDERLINED LOWERCASE

IF THE START AND END POINTS ARE KNOWN
VECTORS CAN BE WRITTEN IN CAPITALS WITH
AN ARROW ABOVE TO SHOW THE DIRECTION

COLUMN VECTOR i,} BASE VECTOR
(—) (+) PERPENDICULAR
BASE VECTORS
AB ="
— — X) -+ Y-l
Y

A BASE VECTOR MEANS THEY
HAVE A MAGNITUDE OF ONE

HOW FAR
UP/DOWN
o

= (3 o w
e.g. AB= (_7) =3i-7j

3 UNITS RIGHT
7 UNITS DOWN
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O Examiner Tip Your notes

= Practice working with all types of vector notation so that you are prepared for whatever comes up
inthe exam
= Yourworking and answerin the exam can be in any formunless told otherwise
= |tis generally best to write your final answerin the same form as givenin the question, however
you will notlose marks for not doing this unlessitis specified in the question
= Vectors appearinbold (non-italic) fontin textbooks and on exam papers, etc (i.e. F, a) butin
handwriting should be underlined(i.e. E, a)
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@ Worked example ,

Your notes
a) —4

Write the vector 5 using base vectornotation.

o= -4i + Oy + Sk
r

5
O&. s not needed

when aivinﬂ onswer
M oose vector focm.

Sk - &i

b)write the vector K — 2j using column vector notation.

k "zj. = Og-% + |k
Be cocefull witn ngso.,b'we_ Compovients ond

missinﬁ tecms when working Wit base veckors

0 44— The zero term s needed when
2 u.s'\rb column veckor nokokion
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Parallel Vectors

How do you know if two vectors are parallel?

Two vectors are parallel if one is a scalar multiple of the other

= This means that all components of the vector have been multiplied by acommon constant (scalar)
Multiplying every component in a vector by a scalar will change the magnitude of the vector but not
the direction

= Forexample: thevectorsa = andb=2a= 2 willhave the same

3 3 6

direction but the vector b will have twice the magnitude of a
= They are parallel
If avector can be factorised by a scalar thenitis parallel to any scalar multiple of the factorised vector
= Forexample: The vector 9i + 6j - 3k can be factorised by the scalar 3 to 3(3i + 2j - k) so the vector 9i
+ 6j - 3kis parallel to any scalar multiple of 3i + 2j - k
If avectoris multiplied by a negative scalar its direction will be reversed
= |twillstillbe parallel to the original vector
Two vectors are parallel if they have the same orreverse direction and equal if they have the same size
and direction
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PARALLEL

b e

2a

3a+12b

3(3a +12b)

(OIES

9a + 36b

1
+

FOR COLUMN VECTORS
JUST MULTIPLY TOP
AND BOTTOM NUMBERS
BY THE SCALAR

ABCD IS A PARALLELOGRAM
it M e e
MEANING AB=CD AND AC=BD

Ve+

- D
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(30 + 12b)

—2b

IF THE SCALAR IS NEGATIVE
THE DIRECTION WILL CHANGE

—%(&: + 42b)

—2a-8b

ALL THESE VECTORS
ARE PARALLEL

a=3i+7j
3a=3(3i+ 7j) = 9i+ 21j

FOR ij VECTORS
JUST MULTIPLY
BOTH NUMBERS
BY THE SCALAR

DIAGRAMS, TO MAKE NEW

ANVECTNARCS EACIER TN CDNAT

(LABEL PARALLEL SIDES ON
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W ter | WSV I (R e I A ]

— /
s lo AD=s+t OR +t+s

B—C":_t+s oh a—% Your notes

REMEMBER THE ORDER
B DOESN'T MATTER

>
+V

O Examiner Tip

= |tiseasiestto spotthat two vectors are parallel when they are in column vector notation
= inyourexam by writing vectors in column vector form and looking for a scalar multiple you will
be able to quickly determine whether they are parallel or not
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andb = 6k — 3iare parallel and find the scalar multiple that

Conve_r’c. betlh  vecktors mbto the soame ‘Form

ond then look for o value of k such

that &

(o

=kb, whee k s o scalac

-2 2
_ _ .3
(2) z(_z)
s -3 0
5 =
3 -3
72 p k = 2
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3.9.2 Position & Displacement Vectors /

Your notes
Adding & Subtracting Vectors
How are vectors added and subtracted numerically?

= Toadd orsubtract vectors numerically simply add or subtract each of the corresponding components
= |ncolumnvectornotation just add the top, middle and bottom parts together

2 1 1
= Forexample: - =
4 -3
-5 3 -8

= |nbase vectornotationadd each of thei, j,and k components together separately
= Forexample: (2i+]j - 5k) - (i + 4j + 3k) = (i - 3j - 8k)

DIAGRAM COLUMN VECTOR

[Ny SRS

= b 3\ [-2| [
Q °+b=(—5 77 2)
a+b P
ADD TOP AND
VECTOR ADDITION BOTTOM NUMBERS
DRAW VECTORS AND SUBTRACTION [, TO GIVE NEW
NOSE TO TAIL COLUMN VECTOR
v 352
-5+ 7|12
e

i, i NOTATION

a=8i+j b=9i-3j

a+b=(8i+})) +(9i - 3j) ADD LIKE
=(8+9li+ (- 3)j TERMS FOR
— 171 - 2] i AND j

How are vectors added and subtracted geometrically?
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= Vectors canbe added geometrically by joining the end of one vector to the start of the next one
= Theresultant vectorwillbe the shortest route from the start of the first vector to the end of the second
= Aresultant vectoris avectorthat results from adding or subtracting two or more vectors
= |f the two vectors have the same starting position, the second vector can be translated to the end of
the first vector to find the resultant vector
= Thisresultsin a parallelogram with the resultant vector as the diagonal
=  Tosubtract vectors, consider this as adding on the negative vector
= Forexample:a-b=a+(-b)
= The end of the resultant vector a - b willnot be anywhere near the end of the vectorb
= |nstead, it willbe at the point where the end of the vector -b would be

DIAGRAMS ARE HELPFUL TO SEE VECTORS AND
THE ROUTE FROM ONE POINT TO ANOTHER

—
BD =t +(=u)

WE NEED TO GO
HENSRECOSITE
DIRECTION ALONG u

THINK OF VECTORS
LIKE JOURNEYS

—
DA=u+(-%)+(-s)
=u-t-s

THIS IS THE SAME
AS —-s—-t+u

THE ORDER DOESN’'T
MATTER

© ExaminerTip

= Workingin columnvectors tends to be easiest when adding and subtracting
= inyourexam, it canhelp to convertany vectorsinto columnvectors before carrying out
calculations with them
= |fthereisno diagram, drawing one can be helpful to help you visualise the problem
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@ Worked example ,

3 Your notes

Find the resultant of the vectorsa=5i-2jandb =

[\

Q = 5i -2} + 0k =(_§) b.=(‘

Nr'\\;iﬂs os o column veckor
moakes a\dd.lns ond Subbrmchivxs

) )-)

Resulcant veckor = 2i -3 +2k
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Position Vectors /

What is a position vector? Your notes

= Apositionvectordescribes the position of a pointinrelation to the origin

= |t describes the direction and the distance from the point O: Oi + Oj + Ok or

0

= |tis different to a displacement vector which describes the direction and distance between any

two points
—_

= The positionvector of point Ais written with the notationa = OA
= Theoriginis always denoted O

= Theindividual components of a position vector are the coordinates of its end point
= Forexample the point with coordinates (3, -2, -1) has position vector 3i - 2j - k

@ Worked example

Determine the position vector of the point with coordinates (4, -1, 8).

bi -_i_ + 3k
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Displacement Vectors

What is a displacement vector?

Adisplacement vector describes the shortest route between any two points
= |tdescribesthe direction and the distance between any two points
= |tis different to a position vector which describes the direction and distance from the point O: Oi +

=)
jor 0

The displacement vector of point B from the point Ais written with the notation AB

Adisplacement vector between two points can be writtenin terms of the displacement vectors of a
third point

—_— —_— —
« AB=AC+CB
Adisplacement vector can be writtenin terms of its position vectors

—_— —_— —_—
= Forexample the displacement vector AB can be writteninterms of OA and O

. AB=AO+OB=-OA+ OB= OB - OA

—_— e
= Forpositionvectora= OA andb=0B the displacement vector AB canbewrittenb - a

THIS POS_!DON VECTOR
OF AIS OA=a

A THE DISPLACEMENT VECTOR AB
CAN BE WRITTEN USING
. THE POSITION VECTORS
S~ —_ —_— — —_— —_
0 /b B AB=-0A+0B=0B-0A
=-a+b=b-a \\
THE POSITION VECTOR THIS SHOWS THE
OF BIS OB=b ROUTE FROM A TO
B VIA O

O Examiner Tip

Inan exam, sketching a quick diagram can help to make working out a displacement vector easier
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@ Worked example ,

Your notes
The point A has coordinates (3, O, -1) and the point B has coordinates (-2, -5, 7). Find the displacement
—_—
vector AB.
— 9 - -2
OCA =|(o OB = (-5
- E2

=-OA+0B = OB - OA
. [-2

-5]-10

+ -l
— -S
A8 =( -5
3
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3.9.3 Magnitude of a Vector V4

Your notes

Magnitude of a Vector
How do you find the magnitude of a vector?

= The magnitude of a vector tells usits size orlength
= Foradisplacement vectorit tells us the distance between the two points
= Forapositionvectorit tells us the distance of the point from the origin

—_— —_—
= The magnitude of the vector AB is denoted |AB|

= The magnitude of the vectorais denoted |a|
= The magnitude of a vector can be found using Pythagoras’ Theroem

= The magnitude of avector V= V1i+ sz + V3k is found using

] — 2 2+ 2
| v| \/V1+ v,2 v,

Vi

= wherev=| Y,
Y3
= Thisis giveninthe formula booklet
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MAGNITUDE

X
y =.]x2+y2+zz
Z

lal = Ixi+ yj + zkl =

REMEMBER THERE ARE LOTS OF
DIFFERENT WAYS TO REPRESENT

THE SAME VECTOR

% 3
lal =IABI = 7 ||=13i + 7 — 2k
-2

A VECTOR’S MAGNITUDE IS SOMETIMES
REFERRED TO AS ITS MODULUS

IABl = 3%+ 7%+ 2% =62 = 7.874... =7.9 (1 dp)

YOU CAN IGNORE
MINUS SIGN

How do | find the distance between two points?

= Vectors canbe usedto find the distance (or displacement) between two points
= |tis the magnitude of the vectorbetween them

= Giventhe position vectors of two points:
= Findthe displacement vector between them
= Find the magnitude of the displacement vector between them

O Examiner Tip

= Finding the magnitude of avectoris the same as finding the distance between two coordinates, it
is a useful formula to commit to memory in order to save time in the exam, howeveritis in your

formula booklet if you need it
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@ Worked example ,

Your notes
Find the magnitude of the vector AB = 4i - j + 2k.

Magnitude of a vector [v]= JoF vt v, where v=| \
—
ABl = Ju*+*+2% =2

ABl = [21
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Unit Vectors
What s a unit vector?

= Aunit vector has amagnitude of 1
It can be found by dividing a vector by its magnitude
= Thiswillresultin a vectorwith a size of Tunit in the direction of the original vector

a
= Aunitvectorinthe direction of ais denoted m

(3i —4j) 3, 4,
= Forexample aunitvectorinthe direction3i-4jis —F/— = = —1— —
: ay 32442 5 5 L

O Examiner Tip

problems soitisimportant to be confident with it

@ Worked example

Find the unit vectorin the direction 2i - 2j + k.

Leb o =2i-2y+%
Fnd the mo%n-\k:ud& of o

v
Magnitude of a veclor v|=yul vl 407, where v= [ v, ‘
v

lal =22 +2*+1* =9 =3
Divide o \9:) its masn'\tucke_,:

Uik veckor = .2 = ZL-21 %k
& 3

" |
a“§£

Wi

g‘.
3
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3.9.4 The Scalar Product

The Scalar ('‘Dot') Product

What is the scalar product?

= The scalar product (also known as the dot product) is one formin which two vectors can be combined
together
= Thescalarproduct between two vectorsaandbisdenoted & - b
= Theresult of taking the scalar product of two vectorsis a real number
= j.e.ascalar
= Thescalar product of two vectors gives information about the angle between the two vectors
= |fthe scalar productis positive then the angle between the two vectorsis acute (less than 90°)
= |fthe scalarproductis negative then the angle between the two vectors is obtuse (between 90°
and180°)
= |fthe scalarproductiszero thenthe angle between the two vectorsis 90° (the two vectors are
perpendicular)
How is the scalar product calculated?

= There are two methods for calculating the scalar product
= The most common method used to find the scalar product between the two vectors vand wis to find
the sum of the product of each componentin the two vectors

" V'W=VW+VW2+VW

11 2 373
Vi W
= Where v = and w=
V5 W,
V3 W3

= Thisis giveninthe formula booklet
= Thescalarproductis also equal to the product of the magnitudes of the two vectors and the cosine of
the angle between them
« v-w=|v||w|cos 6
= Where @isthe angle betweenvandw
= Thetwovectorsvandw arejoined at the start and pointing away from each other
= Thescalarproduct canbe usedinthe second formula to find the angle between the two vectors

What properties of the scalar product do | need to know?

= The orderof the vectors doesn’t change the result of the scalar product (itis commutative)
s VW= WV

= Thedistributive law over addition canbe used to ‘expand brackets’
s u-(v+w=uv+ uw

= Thescalarproductis associative with respect to multiplication by a scalar
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- (kv)- (w)=k(v- w)
= Thescalarproduct between avectoranditself is equal to the square of its magnitude
= v-v=|v|?
= |[ftwovectors, vand w, are parallel then the magnitude of the scalar product is equal to the product of
the magnitudes of the vectors
= |v-wl=|w||v
= Thisisbecause cos0°=1and cos180°=-1

= |ftwo vectors are perpendicular the scalar productis zero
= Thisisbecause cos?0°=0

O Examiner Tip

= Whilst the formulae for the scalar product are givenin the formula booklet, the properties of the
scalar product are not, however they are important anditis likely that you willneed to recall themin
your exam so be sure to commit them to memory
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@ Worked example

2 . .
Calculate the scalar product between the two vectors v = 0 and W= 3_] -2k- 1using:
-5
) W= + +
theformula V: W V1W1 V2W2 V3W3,
V=[2)\ =29, b
¥ ( - ) 21 + Oy - Sk
=
Wo=8j-2 - = -l{ +3}-2k

Be oware of the order of thwe terms.

II il‘
Scalar product VoW =W W, + W, where v= [v: ] ; w:[n'_.]

vy

V.w =(2x-1)+(0x3) +(-5x-2) = -2+10

VW =¢Q

if) the formula V* W= |v||w|cos 6, given that the angle between the two vectors is 66.6°.

!=((75)=‘2i+05.—55 ﬂ=-|f,_+33.—-2}5._
-5
Scalar product vow=|v| w|cosd

Find the mo\svﬁnh\-\o\& of botw veckors:
¥l =[5 (-sF =08 |w| = [Imezre(t = I
V-W = JZa x 1&g cos bbb’

VW =¢
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Angle Between Two Vectors
How do | find the angle between two vectors?

= |ftwo vectors with different directions are placed at the same starting position, they will form an angle
betweenthem
= Thetwo formulae for the scalar product can be used together to find this angle

+ +
VW T VoW, T VW,

|v||wi
= Thisis givenin the formula booklet
= To find the angle between two vectors:
= Calculate the scalar product between them
= Calculate the magnitude of eachvector
= Usethe formulato findcos 6
= Useinverse trigto find 6

= cos O =

O ExaminerTip

= The formula for thisis givenin the formula booklet so you do not need to remember it but make
sure thatyou can find it quickly and easily in your exam
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-1

Calculate the angle formed by the two vectors v = and w=31+ 4j -k

-1 : 3
V= ) = 3.‘. + b —E =
(3) -+ w-siese - ()

Stock ‘03 @ino\ins the scalar produck

SRAIE

= (-1x3)+(3x'+)+(2,x-1) = F
Find the r\r\oﬁv\'nhuo\c. of botw veckors:

ly| =]+ 3%+ 2% = Jiw

|W| = {324 ¢24(-1)" = {26

Angle between two
veclars

cosg = ML VaWy F YWy
vl

cos O =

= = 0.3b6%...

Jie xj26

6 = cos '(0.3668...)

6 =685 (3sf)
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Perpendicular Vectors

How do Il know if two vectors are perpendicular?

If the scalar product of two (non-zero) vectors is zero then they are perpendicular

« If V- W=0thenvandwmustbe perpendicularto each other
= Two vectors are perpendicular if their scalar product is zero
= Thevalue of cos 8 = O therefore |v||w|cos8=0

@ Worked example

Find the value of t such that the two vectors vV = and W= (t - 1)1 - _] + kare

perpendicularto each other.

Tk Bns: fiilnns Y ond W ore perpendicular

f vw =0.

y 4 _ [t -
,\i = t ) w = 1
S |
vV -ow = 2(t-1) + £(-) + 5(1)
= 2t-2-6+5

Trevefore ¥ ond W ore perpendicular i

t+3=0

b=-3
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3.9.5The Vector Product /

Your notes
The Vector ('Cross') Product

What is the vector (cross) product?

= The vector product (also known as the cross product) is a formin which two vectors can be combined
together
= Thevectorproduct between two vectorsvand wisdenoted v x w
= Theresult of taking the vector product of two vectors is a vector
= Thevectorproductis avectorinaplane thatis perpendicular to the two vectors from which it was
calculated
= This could beineitherdirection, depending on the angle between the two vectors
= Theright-hand rule helps you see which direction the vector product goesin
= By pointing yourindex finger and your middle fingerin the direction of the two vectors your
thumb will automatically go in the direction of the vector product

NORMAL VECTOR
/N

Vxw

How do | find the vector (cross) product?

= There are two methods for calculating the vector product
= The vector product of the two vectors vand w can be written in component form as follows:

Page 310f 40

© 2015-2024 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers



https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

1, SaveMyExams

Head to www.savemyexams.com for more awesome resources

V,WT Vi W,
- VXW= | VW VW,
Vi\wW,” V,W,
Vi vy
= Where v= and w=
Vs W,
V3 W3

= Thisis givenin the formula booklet
= Thevectorproduct canalso be foundin terms of its magnitude and direction
= The magnitude of the vector productis equal to the product of the magnitudes of the two vectors
and the sine of the angle between them
= |vx w| =|v||w|sind
= WhereBisthe angle betweenvandw
= Thetwovectorsvandw arejoined at the start and pointing away from each other
= Thisis givenin the formula booklet
= Thedirection of the vector product is perpendicular to bothvand w

What properties of the vector product do | need to know?

= The orderof the vectorsisimportant and changes the result of the vector product
s VX WZE WXV
= However
s VX W= — WXV
= Thedistributive law can be used to ‘expand brackets’
- ux(v+w=uxv+ uxw
= Whereu,vandware all vectors
= Multiplying a scalar by a vector gives the result:
« (kv)x w= vx(kw)=k(vX w)
= Thevectorproduct between avectoranditself is equal to zero
= vXv=0
= [ftwo vectors are parallel then the vector product is zero
= Thisisbecausesin 0° =sin180°=0
= If VX W= 0 thenvandware parallel if they are non-zero

= |ftwo vectors, vand w, are perpendicular then the magnitude of the vector product is equal to the
product of the magnitudes of the vectors

= |vx w|=|wl|V
= Thisisbecausesin90° =1
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O Examiner Tip /

Your notes
= The formulae forthe vector product are givenin the formula booklet, make sure you use them as

thisis an easy formulato get wrong
= The properties of the vector product are not givenin the formula booklet, however they are

important and itis likely that you will need to recall them in your exam so be sure to commit them to
memory
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@ Worked example
Your notes
Calculate the magnitude of the vector product between the two vectors v = 0 and
-5
w=3i-2j—kusing
) VoW T VW,
theformula v w= | VW, = V, W,
ViW,m )W
vl 2 \ 3
Y=1|v)=(o W = (w, | =(-2
V3 =5 W3 -1
Use the formulan bo find the cCross-produck:
Vaviy = Ng vy (O)-D - S)(-2) - 10
VXxw o= (v3 i -V, W3) = (D@ - (2)-p | = (-13
Viwg - VoW, (2)(2)- (0)(3) =t

Find the rﬂﬂﬁn\tud& of ¥ x w:

[xw| = [(-10)F+ C13Y+ (-4 = [285

v xw| =169 (3sf)

ii) the formula, given that the angle between themis 1radian.
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Find the moﬂnltud\e of vV oand w: ,

Your notes
I¥] = [2* 40t +(-8)* = J7a

lwi= [+ eyt = e

[ xw |

I¥llw| sing

J2axJig sia (19

lvxw| = 17.0 (3s§)
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Areas using Vector Product
How do luse the vector product to find the area of a parallelogram?

= The area of the parallelogram with two adjacent sides formed by the vectors vand wis equal to the
magnitude of the vector product of two vectors vand w

« A= | v X Wl where v and w form two adjacent sides of the parallelogram
= Thisis givenin the formula booklet

How do l use the vector product to find the area of a triangle?

= The area of the triangle with two sides formed by the vectors v and wis equal to half of the magnitude
of the vector product of two vectors vand w

" A=E|V X W| wherevandw formtwo sides of the triangle

= Thisisnot giveninthe formula booklet

O Examiner Tip

= Theformulaforthe area of the parallelogramis given in the formula booklet but the formula for the
area of a triangle is not
= Rememberthat the area of a triangle is half the area of a parallelogram
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@ Worked example /

Your notes
Find the area of the triangle enclosed by the coordinates (1, 0, 5), (3, -1,2) and (2, O, -1).

Let A ve (1,0,5), 8 be (3,-1,2) and C be (2,0,-1)
8
You coan use any two
direction veckors mMovi

S oway from any vertex.

A

Find the two direction vectors /"Té ond A_E-

B-()-() ") A-()-6) @)
2/ \S 2 -1 s 3

Find the cross product of the two diceckion veckocs:

2 | (-0(-6) - (-3)(0) 6
/@X/ﬁ, . (:é)x(ﬂ) = ({—lz.)t!) - (DL—% - (Ci>

(2)(0) - V() I
Find the ma.an“:uo\e of tne cross product

|ABxAL| = [§%vq < =]11%
Area. of thwe {-xicmsﬁe_ i Yolf the moﬂnit\m\e.

Area = 5|ABXALl = T[0%

Area = S.43  * (3sf)
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3.9.6 Geometric Proof with Vectors

Geometric Proof with Vectors
How can vectors be used to prove geometrical properties?

= |f two vectors can be shown to be parallel then this can be used to prove parallel lines
= |ftwo vectors are scalar multiples of each otherthen they are parallel
= Toprove that two vectors are parallel simply show that one is a scalar multiple of the other
= |ftwo vectors canbe shown to be perpendicular then this can be used to prove perpendicularlines
= |fthe scalar productis zero then the two vectors are perpendicular
= |ftwo vectors can be shown to have equal magnitude then this can be used to prove two lines are the
same length
= Toprove a2D shapeis a parallelogram vectors can be used to
= Show that there are two pairs of parallel sides
= Show that the opposite sides are of equal length
= Thevectors opposite each otherwill be equal
= |fthe angle between two of the vectorsis shown to be 90° then the parallelogramis arectangle
= Toprove a 2D shapeis arhombusvectors canbe usedto
= Show that there are two pairs of parallel sides
= Thevectors opposite each otherwith be equal
= Show that all four sides are of equal length
= |fthe angle between two of the vectors is shown to be 90° then the rhombus is a square

How are vectors used to follow paths through a diagram?

—_—
= |nageometric diagramthe vector AB formsa path from the point Ato the point B

= Thisis specific to the path AB

—_—
= Ifthe vector AB islabelled athen any other vector with the same magnitude and direction as a

couldalsobelabelleda

e
= Thevector BA would be labelled -a
= |tisparallel to abut pointingin the opposite direction

o
= |fthe point Mis exactly halfway between A and Bit is called the midpoint of A and the vector AM
1
couldbe labelled 5 a
—_— —

= |fthereisapointXonthe line ABsuchthat AX = 2XB then Xis two-thirds of the way along the line

—_—

AB

= Otherratios canbe foundin similar ways
= Adiagram often helps to visualise this
= [fapointXdividesaline segment ABinto theratiop:qgthen
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P 4

» AX=

ptq Your notes
. XB=——AB

pt+tq

How can vectors be used to find the midpoint of two vectors?

= |fthe point Ahas positionvectoraand the point B has position vectorb then the position vector of the
— 1
midpointof AB is 5 (a + b)
—_
= The displacement vector AB=b—-a

» LetMbe the midpoint of AB then AM = E(AB) = 5 (b - a)

_— = —> 1 1 1 1
= ThepositionvectorOM = OA+ AM=a+ E(b_ a)= Eb + Ea= 5(a+ b)
How can vectors be used to prove that three points are collinear?

= Three points are collinearif they all lie on the sameline
= Thevectors between the three points will be scalar multiples of each other

—_— —

= The points A, Band C are collinearif AB = kBC
B — B
= |fthepoints A,BandMare collinearand AM = MB thenMisthe midpoint of AB

© Examiner Tip

= Think of vectors like a journey from one place to another
= Youmay have to take adetoure.g. Ato Bmightbe Ato OthenOtoB
= Diagrams canhelp, if thereisn’t one, draw one
= |fadiagram hasbeen givenbegin by labelling all known quantities and vectors
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4

@ Worked example
Your notes

Use vectors to prove that the points A, B, C and D with position vectors a = (3i - 5j - 4k), b = (8i - 7j - 5k),
c =(3i-2j+4k)and d = (5k - 2i) are the vertices of a parallelogram.

Find\ the dis?‘&teme_nh vectors A—é i §>C, CT[E and. ﬁ

- voa-(30)-|

Sl
[}
s
1
[
n
e
- iad -
I
AN
Fra
e —
n
S— ’..---...',_‘
_— —— —— —

AB =-CD ond B =-DA .. ABCD

Must be o PmrqlLLLosmm
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