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1.7.1 Counting Principles

Counting Principles
What is meant by counting principles?

= The fundamental counting principle states that if there are m ways to do one thing and nways to do
anotherthere are m x nways to do both things
= Applying counting principles allows us to...
= . analyse patterns and make generalisations about real work situations
= . find the number of permutations of nitems
= . findthe number of ways of choosing anitem froma list of nitems
= . findthe number of ways of choosing ritems from nitems
= . findthe number of ways of permutating ritems from nitems
= The topic of counting principles is a particularly interesting part of mathematics that canlead to the
development of working with very large numbers
= |tisalways vital to consider whether objects taken from each list can be repeated ornot
= Forexample a four digit PIN from ten numbers where each number can be used repeatedly would
be10x10x 10 x 10
= There are 10 options for the first and ten options for the second numberand so on
= |f the numbers could only be used once then the number of options for each digit would reduce
with each digit
= There are 10 options for the first, nine options for the second, eight for the third and so on
= This concept will be explored furtherin the permutations revision note

How do I choose anitem from alist of mitems AND anotheritem from alist of nitems?

= |f aquestionrequiresyouto choose anitem fromone list AND anitem from anotherlist you should
multiply the number of optionsin eachllist
= |ngeneralif you see the word 'AND' you will most likely need to '"MULTIPLY"
= Forexampleif you are choosing a pen and a pencil from 4 pens and 5 pencils:
= Youcanchoose litemfrom 4 pens AND Titem from 5 pencils
= Youwillhave 4 x 5 different options to choose from

How dol choose anitem from alist of mitems OR anotheritem from alist of nitems?

= |f aquestionrequiresyouto choose anitem fromonelist OR anitem from anotherlist you should add
the number of optionsin eachlist
= |ngeneralif you see the word 'OR' you will most likely need to 'ADD’
= Forexampleif you are choosing a pen ora pencil from 4 pens and 5 pencils:
= Youcanchoose litem from 4 pens OR 1item from 5 pencils
= Youwillhave 4 + 5 different options to choose from
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O Examiner Tip ,

Your notes
= Counting principles and factorials are tightly interlinked with permutations and combinations

= Make sure you fully understand the conceptsin this revision note as they will be fundamental to
answering perms and combs exam questions

@ Worked example

Harry is going to a formal event and is choosing what accessories to add to his outfit. He has seven
different ties, four different bow ties and five different pairs of cufflinks. How many different ways can
Harry getready if he chooses:

a) Eitheratie, abow tie or a pair of cufflinks?

l—lo.rrUj has + +4+5 different tems to choose from
He wonts o tie OR o bow tie OR o poir of cufflinks
OR means ADD F +4+5 =16

16 different woys

b) A pair of cufflinks and either a tie ora bow tie?

He wonts o tie AND o pair of cufflinks
OR o bow tie AND o poir of cufflinks
AND meoans MULTIPLY

A tie AND cufflicks = 7 X S = 35 ways
A bowtie AND cuffliks = 4 X 5 = 20 ways

OK meons ADD 35 L ?_0 - 55 WO:B.S

55 different waoys
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1.7.2 Permutations & Combinations

Permutations

What are Permutations?

A permutationis the number of possible arrangements of a set of objects when the order of the
arrangements matters

A permutation can either be finding the number of ways to arrange nitems or finding the number of
ways to arrange rout of nitems

How many ways can n different objects be arranged?

When considering how many ways you can arrange a number of different objectsin arow consider
how many of the objects can goin the first position, how many can go inthe second and so on
Forn =2 there are two options for the first position and then there will only be one option to gointhe
second position so:
= The first object has two places it could go and the second object has one place
= By the fundamental counting principle both objects have 2 x 1 places to go
= Forexample to arrange the letters Aand B we have
= ABandBA
Forn = 3 there are three options for the first position and then there will be two options for the second
position and one for the third position so
= Thefirst object has three placesit could go, the second object has two places and the third object
has one place
= By the fundamental counting principle the three objectshave 3 x 2 x 1 places to go
= Forexample to arrange the letters A, Band C we have
= ABC,ACB,BAC,BCA,CABand CBA
Fornobjects there are n options for the first position, n - Toptions for the second position and so on
until there is only one object left to goin final position
The number of permutations of n different objectsis nfactorial (n!)

« Wheren! =n X(n—=1)x(n=-2)x.. x2 x1
= For5differentitemsthereare 5! =5 X4 X3 X2 =120 permutations

= Forédifferentitemsthereare6! =6 X 5 X4 X3 X2 = 720 permutations

= |tis easyto see how quickly the number of possible permutations of differentitems canincrease
= For10 differentitems there are 10! = 3628 800 possible permutations

What are factorials?

Factorials are a type of mathematical operation (just like +, -, x, +)

= The symbol forfactorialis!

= Sototake afactorial of any non-negative integer, n, it will be written n! and pronounced ‘n factorial’

= The factorial function for any positive integer, n,isi! = n X (11 - 1) X (I) - 2) X.. X2 X1

= Forexample, 5factorialisS! =5 X4 X3 X2 X1
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= The factorial of anegative numberis not defined
= You cannot arrange a negative number of items
= Ol=]
= There are no positive integers less than zero, so zero items can only be arranged once
= Your GDC willhave a mode for calculating factorials, make sure you can put yours into the correct
mode
= Most normal calculators cannot handle numbers greater than about 70!, experiment with yours to see
the greatest value of x such that your calculator can handle x!

What are the key properties of using factorials?

= Someimportant relationships to be aware of are:
« nl=n xX(n-1)!

n!
= Therefore m =n

« n!l=n%x(n—1) x(n—2)!
n!
= Therefore (11 _2)!
= Expressions with factorials in can be simplified by considering which values cancel outin the fraction
= Dividing alarge factorial by a smaller one allows many values to cancel out
8! 8 X7 X6 X5 X4 X3 x2 x1

51 5 x4 X3 X2 X1 = 8 X7 X6

=n x(n-1)

How do we find r permutations of nitems?

= |f we only want to find the number of ways to arrange a few out of n different objects, we should
consider how many of the objects can goin the first position, how many can goin the second and so on
= |f we wantedto arrange 3 out of 5 different objects, then we would have 3 positions to place the
objectsin, but we would have 5 options for the first position, 4 for the second and 3 for the third
= Thiswouldbe 5 x 4 x 3ways of permutating 3 out of 5 different objects
5! 5!
= Thisisequivalent to ol = (5 _ 3)!
= |f wewantedto arrange 4 out of 10 different objects, then we would have 4 positions to place the
objectsin, but we would have 10 options for the first position, 9 for the second, 8 for the third and 7 for
the fourth
= Thiswouldbe 10 x 9 x 8 x 7 ways of permutating 4 out of 10 different objects

100 10!
6! (10-4)
= |f we wantedto arrange rout of n different objects, then we would have r positions to place the objects
in, but we would have n options for the first position, (n - 1) forthe second, (11 - 2) forthe third and so
onuntilwe reach (n—(r—1))
= Thiswouldbe n X (n—1)X... X (n—r+ 1) ways of permutating r out of n different objects

= Thisisequivalentto
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n!
= Thisisequivalentto 7/
(n—r)!

|
= The function T can be written as /P
(n—r)! r
= Make sure you can find and use this button on your calculator
= The same function works if we have n spaces into which we want to arrange r objects, consider
= forexample arranging five people into arow of ten empty chairs

Permutations when two or more items must be together

= |f two or more items must stay togetherwithin an arrangement, itis easiest to think of these items as
‘stuck’ together

= Theseitems willbecome one within the arrangement

= Arrange this ‘one’ item with the others as normal

= Arrange the items within this ‘one’ item separately

= Multiply these two arrangements together

Permutations when two or more items cannot be all together

= [ftwoitems must be separated ..
= consider the number of ways these two items would be together
= subtract this fromthe total number of arrangements without restrictions
= |f more than twoitems must be separated...
= considerwhether all of them must be completely separate (hone can be next to each other) or
whether they cannot all be together (but two could still be next to each other)
= [fthey cannot all be togetherthen we can treat it the same way as separating two items and
subtract the number of ways they would all be together from the total number of permutations of
the items, the final answer willinclude all permutations where two items are still together
= |[ftheitems must allbe completely separate then
= |ayouttherest of theitemsinaline with aspace in between each of them where one of the
items which cannot be together could go
= rememberthat this could also include the space before the first and after the last item
= Youwouldthenbe able to fit the items which cannot be togetherinto any of these spaces,

using the rpermutations of nitems rule (”P)
= Youdonotneedto fillevery space
Permutations when two or more items must be in specific places

= Most commonly this would be arranging a word where specific letters would go in the first and last
place
= Orarranging objects where specific items have to be at the ends/in the middle
= |magine these specificitems are stuckin place, thenyou can find the number of ways to arrange
the rest of the items around these ‘stuck’ items
= Sometimes the items must be grouped
= forexample all vowels must be before the consonants
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Orall the red objects must be on one side and the blue objects must be on the other ,
Find the number of permutations within each group separately and multiply them together
Be carefulto check whether the groups could be in either place Your notes

= e.g.thevowels onone side and consonants on the other
= orif they mustbe in specific places (the vowels before the consonants)
If the groups could be in either place than your answer would be multiplied by two
If there were n groups that could be in any order then your answer would be multiplied by n!

O Examiner Tip

The wordingis very important in permutations questions, just one word can change how you
answer the question

Look out for specific details such as whether three items must all be separated orjust cannot be all
together (thereis a difference)

Pay attention to whetheritems must be in alternating order (e.g. red and blue items must alternate,
either RBRB... or BRBR...) orwhether a particularitem must come first (red then blue and so on)

If items should be at the ends, look out for whether they can be at either end or whether one must
be at the beginning and the other at the end
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@ Worked example /

. o . ) . Your notes
Find the number of ways nine different tasks can be carried out given that two particular tasks must not
be carried out consecutively.

Stact ‘D‘j Consicle{{ng Ehe tosks that con be carried ouk consec.\.a‘c'wt\:j'-
L P P M P
Thece ore F! ways of carcyingy ouk the other Seven tasks.

Thea considec the tosks with restrictions :

X% laxls xTaxle x s x Iz x positions where Tg
~
ac Tl:\ cou\.d\ 39

There ore B positions in which the tuwo tosks could o but only
2 tosks to fill the spaces = 8BxF options

="3P2
(8 options for Tg and
Totol = F! x8x7F = 282240 ways F options for Ta)

Alternative metinod ©

Puk the buo tosks Jcogether ond iven suckroct fom the Lotol.

T.TZTBTQTET..T,

Number of waus N The l'.:.uc ba\sks
withouk reskrictions o;; stuck
v ther
9 - (8! x 21)
gr < There ore 21 wous  of
3 b e e
togks ‘Stuck ‘Skwek’ tasks

b%ethef,
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Combinations /
What is the difference between permutations and combinations? Your notes

= Acombinationis the number of possible arrangements of a set of objects when the order of the
arrangements does not matter
= Onthe otherhand a permutationis when the order of arrangement does matter
= Acombination will be finding the number of ways to choose rout of nitems
= The orderinwhichtheritems are chosenis notimportant
= Forexampleif we are choosing two letters from the word CAB, AB and BAwould be considered the
same combination but different permutations

How do we find r combinations of nitems?

= |f we want to find the number of ways to choose 2 out of 3 different objects, but we don’t mind the
orderinwhich they are chosen, then we could find the number of permutations of 2 items from 3 and
then divide by the number of ways of arranging each combination
= Forexampleif we want to choose 2 letters fromA, Band C
= There are 6 permutations of 2 letters:
= AB,BA AC,CA BC,CB
= Foreachcombination of 2 letters there are 2 (2 x 1) ways of arranging them
= (forexample, ABand BA)
= Sodivide the total number of permutations (6) by the number of ways of arranging each
combination (2) to get 3 combinations
= |f we want to find the number of ways to choose 3 out of 5 different objects, but we don’t mind the
orderinwhich they are chosen, then we could find the number of permutations of 3 items from 5 and
then divide by the number of ways of arranging each combination
= Forexampleif we wantto choose 3lettersfromA, B, C,Dand E
= There are 60 permutations of 3 letters:
= ABC,ACB, BAC,BCA, CAB, CBA,ABD, ADB, etc
= Foreach combination of 3letters there are 6 (3 x 2 x1) ways of arranging them (for example,
ABC, ACB, BAC,BCA, CABand CBA)
= Sodivide the total number of permutations (60) by the number of ways of arranging each
combination (3! = 6) to get 10 combinations
= |f we want to find the number of ways to choose ritems out of n different objects, but we don’t mind
the orderin which they are chosen, then we could find the number of permutations of ritems fromn
and then divide by the number of ways of arranging each combination
= Recallthat the formula for rpermutations of nitems s

n!
n -
Pr (n = )
= Thiswouldinclude r' ways of repeating each combination
= The formulaforrcombinations of nitemsis
np
r n!

r! (n=0'r
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n!

n
= Thefunction 7———=— canbewrittenas?C or r 1 andis oftenread as ‘nchooser’
(n—n!'r r

\ 1)

= Make sure you can find and use this button on your calculator

= Theformulae for permutations and combinations satisfy the following relationship:

np
r
» 1C = —
r ol
n!
= Theformula?C = —7——— canbefoundinthe formula booklet
r (n-r1)!

What do | need to know about combinations?

s Theformula ”Cr =

n!
is also known as a binomial coefficient
(n=n)'r!

- 1 _=nc =]
n

= The binomial coefficients are symmetrical, so 1C =1C
r

0

= |tiseasytoseethatthereisonly one way of arranging n objects out of nand also there can only be
one way of arranging O objects out of n

= By considering the formula for this, it reinforces the fact that 0! Must equal 1

n—r

= This canbe seen by considering the formula for HCI

n! n!
) HCH—T= (n=0)!(n—(n—-1))! B rl(n—r1)! B HCF

How do | know when to multiply or add?

Many questions will ask you to find combinations of a group of different items from a bigger group of a
specified number of those differentitems
= Forexample, find the number of ways five questions could be chosen from a bank of twenty
different pure and ten different statistics questions
= The hintin this example is the word 'chosen’, this tells you that the orderin which the questions are
chosendoesn't matter
Sometimes questions will have restrictions,
= Forexample there should be three pure and two statistics chosen from the bank of questions,
= Orthere must be atleast two pure questions within the group
If unsure about whether to add or multiply your options, ask yourself if Aand B are both needed, orif A
orBisneeded
= Always multiply if the answeris and, and add if the answeris or
= Forexample if we needed exactly three pure and two statistics questions we would find the
amount of each and multiply them
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= |f we could have either five statistics or five pure questions we would find them separately and add ,

the answers
Your notes

O Examiner Tip

= |tisreallyimportant that you can tellwhether a questionis about permutations or combinations
= ook out forkeywords such as arrange (for permutations) or choose or select (for
combinations)
= Don’tbe confused if a question asks for the number of ways, this could be for eithera
permutations or acombinations question
= |Lookoutforotherclues
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@ Worked example ,

Your notes
Oscarhas to choose four books from a reading list to take home over the summer. There are four

fantasy books, five historical fiction books and two classics available for him to choose from. Find the
number of ways that Oscar can choose four books if he decides to have:

i) Two fantasy books and two historical fictions.
Choosina two (anho\sg feom four: &CZ
Choos{na Lwo historical fiction feom five: 5C2

Total = 4¢c2 x 52 = 6x10

60 options

ii) Atleast one of each type of book.

To choosse. bwo of one and one of ench of the okhers:
Let £ represert o k:cmhmstj book, H represent historical
fiction and C represent o clossie:

Y i Ehese are the numbers of

opkions Oscor con choose from

m &
SIS

5

Ll R ‘and’ so mulkiply.
I 1 2 4Cl x 5Cl x 2€2 = 4xSx|

::fedﬁzs L2 4C) x SCL x 2cCl|

he con make 2 | [

4 x 10xL

LCL % SCI x 2¢) = bxSx2
Oscar con choose from one of these ogkions so we odd them:

20 + 80 + b0
‘or* so odd

160 options

iii) Atleast two fantasy books.
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4

OSCQ( con choose two, bacee or four cm‘cm‘\j vooks. |& dees

not mokter whetner twe other books are clossics or histerical Your notes
fickion. This is 'Jush "Nok kansa‘
L (5H +2¢)

N

z 4 4b-C2 x 7C2 = 6 x 21 = 126

2 | LC3 xT7Cl = 4 x F = 23

% U Sfpabe lpl = I

.

Use o system to moke sure You donk '("‘“Sd"
any. Chede thot ol the options add up ko &

-I;taL number of apbions = 126 + 2% + |

155 Opkions
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